Note 14
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Combinations of Events Intro

Independence: Two events are independent if the following (equivalent) conditions are satisfied.
The second definition is probably more intuitive - B happening does not affect the probability of A
happening.

P[A N B] = P[] P[B]
P[A | B] = P[A]

Product rule: We can find the probability of an intersection of events by enforcing an “ordering”
of these events. Here, each successive conditional probability in the product finds the probability
of the next event, conditioned on all prior events occurring:

P[A] NAyM--- ﬁAn] = P[A]]P[Az | Al]]P)[Ag ’ Aq ﬂAz] . ~P[An | AiNAN--- ﬂAn—l]-
Note that this is a generalization of the definition of conditional probability:
P[Al ﬂAz] = P[Al] P[Az | Al].
Union Bound: The probability that at least one of the events Ay,A3,...,A, occurs is at most the
sum of the probabilities of the individual events:

PAjUA U---UA,] <P[A;]+PlAy] + -+ P[A,]

with equality when the A;’s are disjoint.

Inclusion-Exclusion: We also have PIE in probability! As with counting, the minimal example is:

P[Al UAQ] = P[A]] —|—P[A2] —]P)[Al ﬂAz].
And the general case is similar, albeit a bit notation-heavy:

IP’[CJAi] =Y PlA] - Y PAiNAj ]+ Y PANANA] =+ (1) 'P[A| NAz---NA,]
i=1 i i<j i<j<k

Notice that the Union Bound is just PIE without any correction terms for intersections of events.
In practice, the Union Bound is one of the most beloved inequalities in probability because it is a
quick, simple, and unconditional upper bound of the exact PIE expression.
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1 Probability Potpourri

Note 13 Provide brief justification for each part.
Note 14
o (a) For two events A and B in the same probability space, show that P[A \ B] > P[A] — P[B].

(b) Suppose P[D | C] = P[D | C|, where C is the complement of C. Prove that D is independent
of C.

(c) If A and B are disjoint, does that imply they’re independent?

Solution:

(a) It can be helpful to first draw out a Venn diagram:

PlANB] | P[B\A]

We can see here that P[A] = P[ANB] 4 P[A \ B], and that P[B] = P[ANB] +P[B\ A].
Looking at the RHS, we have
P[A] — P[B] = (P[ANB] +P[A\ B]) — (P[ANB] +P[B\ A])
P|A\ B] —P[B\ A]
<P[A\B]

(b) Using the total probability rule, we have

P[D] =P[DNC]+P[DNC]=P[D | C]-P[C]+P[D | C]-P[C].

But we know that P[D | C] = P[D | C], so this simplifies to

PD] =P[D [ C]- (PIC]+P[C]) =P[D | C]- 1 =P[D [ (],

which defines independence.

(c) No; if two events are disjoint, we cannot conclude they are independent. Consider a roll of
a fair six-sided die. Let A be the event that we roll a 1, and let B be the event that we roll
a 2. Certainly A and B are disjoint, as P[A N B] = 0. But these events are not independent:
P[B|A] =0, but P[B] = 1/6.

Since disjoint events have P[A N B] = 0, we can see that the only time when disjoint A and B
are independent is when either P[A] = 0 or P[B] = 0.
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2 Mario’s Coins

Note 14 Mario owns three identical-looking coins. One coin shows heads with probability 1/4, another
shows heads with probability 1/2, and the last shows heads with probability 3 /4.

(a) Mario randomly picks a coin and flips it. He then picks one of the other two coins and flips
it. Let X; and X, be the events of the 1st and 2nd flips showing heads, respectively. Are X
and X, independent? Please prove your answer.

(b) Mario randomly picks a single coin and flips it twice. Let ¥} and ¥> be the events of the 1st
and 2nd flips showing heads, respectively. Are Y| and Y, independent? Please prove your
answer.

(c) Mario arranges his three coins in a row. He flips the coin on the left, which shows heads. He
then flips the coin in the middle, which shows heads. Finally, he flips the coin on the right.
What is the probability that it also shows heads?

Solution:

(a) X and X, are not independent. Intuitively, the fact that X| happened gives some information
about the first coin that was chosen; this provides some information about the second coin
that was chosen (since the first and second coins can’t be the same coin), which directly
affects whether X, happens or not.

To make this formal, we compute

=)+ D+ () -}
By symmetry, P[X;] = P[X;], so |
PIXI|PXo] = 7.

But if we consider the probability that both X; and X, happen, we have
Fixinel=g[(1) (3)+ () () + () @)+

1\ /3 3\ /1 3\ /1
G)@H+@E+G)G)

22 11
96 48

which is not equal to 1/4, violating the definition of independence.

(b) Y and Y, are not independent. Intuitively, the fact that ¥, happens gives some information
about the coin that was picked, which directly influences whether Y, happens or not.

To make this formal, we compute
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- (5)(3)+ ()2 + ()G -3
By symmetry, P[Y>| = P[Y}], so
PIN]P{Y:] =

But if we consider the probability that both Y; and ¥, happen, we have

= (5)(5) +()G) () ) =53
SRR YAV 3/\2 3/\4) T 48 24
which is not equal to 1/4, violating the definition of independence.

(c) Let A be the coin with bias 1/4, B be the fair coin, and C be the coin with bias 3/4. There
are six orderings, each with probability 1/6: ABC, ACB, BAC, BCA, CAB, and CBA. Thus

P[Third coin shows heads | First two coins show heads|
[P[All three coins show heads]
P[First two coins show heads]

_ R

11/48
_3/32 9
S 11/48 22

Note that the denominator was the probability calculated in part a, so we just plugged it in as

11
48"

3 ACGS

Note 14 Consider a standard 52-card deck of cards, which has 4 suits (hearts, diamonds, clubs, and spades)
with 13 cards in each suit. Each suit has one ace. Hearts and diamonds are red, while clubs and

spades are black.
(a) Find the probability of getting an ace or a red card, when drawing a single card.
(b) Find the probability of getting an ace or a spade, but not both, when drawing a single card.
(c) Find the probability of getting the ace of diamonds when drawing a 5 card hand.
(d) Find the probability of getting exactly 2 aces when drawing a 5 card hand.
(e) Find the probability of getting at least 1 ace when drawing a 5 card hand.

(f) Find the probability of getting at least 1 ace or at least 1 heart when drawing a 5 card hand.

Solution:

26 2 28 7

4
I 1 . _E 1 . P M . 1 : —_—— T — T — .
(a) Inclusion-Exclusion Principle 52 + 52 52 52 13
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4 13 1 15
b) Inclusion-Exclusion, but lude the int tion: —+ ——2-—~=—.
(b) Inclusion-Exclusion, but we exclude the intersection 52+52 )

51

(c) Ace of diamonds is fixed, but the other 4 cards in the hand can be any other card: %.
5

(d) Account for the number of ways to draw 2 aces and the number of ways to draw 3 non-aces:

4\ (48
(2) i (3 )
52y
(5)

48
(e) Complement to getting no aces: P[at least one ace| = 1 — P[zero aces] = 1 — %
5
(f) Complement to getting no aces and no hearts:
(5)
PP[at least one ace OR at least one heart] = 1 —P[zero aces AND zero hearts] = 1 — -2~ This

52
5)
18 because 52 — 13 — 3 = 36, where 13 is the number of hearts and 3 is the number of non-

heart aces.
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