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Complete Graph.

A

K, complete graph on n vertices.
All edges are present.
Each vertex is adjacent to every other vertex.

How many edges?
Each vertex is incident to n— 1 edges.
Sum of degrees is n(n—1).
= Number of edges is n(n—1)/2.

Remember sum of degree is 2|E]|.
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K4 and Ksg

Ks is not planar.
Cannot be drawn in the plane without an edge crossing!
We will prove this later!



Trees!

Graph G=(V,E).
Binary Tree!

More generally.
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Definitions:

A connected graph without a cycle.

A connected graph with | V| —1 edges.
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A connected graph where any edge addition creates a cycle.

Some trees.

R S

no cycle and connected? Yes.

|V|—1 edges and connected? Yes.

removing any edge disconnects it. Harder to check. but yes.
Adding any edge creates cycle. Harder to check. but yes.

NN

Tree or not tree!
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Is there a Degree 1 vertex?

Is the rest of G connected?
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Euler and Polyhedron.

Ancient Greek mathematicians knew formula for polyhedron.

Faces? 6. Edges? 12.  Vertices? 8.
Euler: Connected planar graph: v+f=e+2.
8+6=12+2.

Greeks couldn’t prove it. Induction? Remove vertex for polyhedron?
Polyhedron without holes = Planar graphs.

For Convex Polyhedron:
Surround by sphere.
Project from internal point polytope to sphere: drawing on sphere.
Project Sphere-N onto Plane: drawing on plane.

Euler proved formula thousands of years later!
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Euler: v+ f = e+ 2 for connected planar graph.
We consider simple graphs where v > 3.
Consider Face edge Adjacencies
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Need a different approach! See notes for details.
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Thm: Any subset S of the hypercube where |S| <|V|/2 has > |S]
edges connectingitto V—-S: |[ENSx(V-S)| > |S]
Terminology:

(S,V—-S8)iscut.

(ENSx(V-29)) - cut edges.

Restatement: for any cut in the hypercube, the number of cut edges
is at least the size of the small side.
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Thm: For any cut (S, V — S) in the hypercube, the number of cut
edges is at least the size of the small side, |S|.
Proof: Induction Step. Case 2. |Sy| > | Vp]/2.
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Induction Step. Case 2.

Thm: For any cut (S, V — S) in the hypercube, the number of cut
edges is at least the size of the small side, |S|.
Proof: Induction Step. Case 2. |Sy| > | Vp]/2.
Recall Case 1: |Sp|,|S1] < |V]/2
|S1] <|V4|/2 since |S| < |V]/2.
= >|Si| edges cut in E;.
[So| = [Vo|/2 = [Vo—So| < [Vol/2
= >|Vp| —|So| edges cut in Ep.
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= >[Sp| —|Si| edges cut in Ey.

Total edges cut:
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Induction Step. Case 2.

Thm: For any cut (S, V — S) in the hypercube, the number of cut
edges is at least the size of the small side, |S|.
Proof: Induction Step. Case 2. |Sy| > | Vp]/2.
Recall Case 1: |Sp|,|S1] < |V]/2
|S1] <|V4|/2 since |S| < |V]/2.
= >|Si| edges cut in E;.
[So| = [Vo|/2 = [Vo—So| < [Vol/2
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= >|Sp| —|S1| edges cut in E.
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Induction Step. Case 2.

Thm: For any cut (S, V — S) in the hypercube, the number of cut
edges is at least the size of the small side, |S|.
Proof: Induction Step. Case 2. |Sy| > | Vp]/2.
Recall Case 1: |Sp|,|S1] < |V]/2
|S1] <|V4|/2 since |S| < |V]/2.
= >|Si| edges cut in E;.
[Sol = [Vo|/2 = [Vo—So| < [Wol/2
= > |Vp| —|Sp| edges cut in Ey.
Edges in Ex connect corresponding nodes.
= >|Sp| —|S1| edges cut in E.

Total edges cut:
> [Si]+ Vol = [So| + S0l — [S1] = [ Vo
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Induction Step. Case 2.

Thm: For any cut (S, V — S) in the hypercube, the number of cut
edges is at least the size of the small side, |S|.
Proof: Induction Step. Case 2. |Sy| > | Vp]/2.
Recall Case 1: |Sp|,|S1] < |V]/2
|S1] <|V4|/2 since |S| < |V]/2.
= >|Si| edges cut in E;.
[Sol = [Vo|/2 = [Vo—So| < [Wol/2
= > |Vp| —|Sp| edges cut in Ey.
Edges in Ex connect corresponding nodes.
= >|Sp| —|S1| edges cut in E.

Total edges cut:
> [Si]+|Vo| —[So| +|So| — [S1] = [ Vo
Vol =[V1]/2=1S].



Induction Step. Case 2.

Thm: For any cut (S, V — S) in the hypercube, the number of cut
edges is at least the size of the small side, |S|.
Proof: Induction Step. Case 2. |Sy| > | Vp]/2.
Recall Case 1: |Sp|,|S1] < |V]/2
|S1] < |Vi]/2 since |S| <[ V|/2.
= >|Si| edges cut in E;.
[So| = [Vo|/2 = [Vo—So| < [Vol/2
= >|Vp| —|So| edges cut in Ep.

Edges in Ex connect corresponding nodes.
= >|Sp| —|S1| edges cut in E.

Total edges cut:
> [S1]+ Vol = [Sol +[So| — [S1] = | Vol
Vol = V]/2>8].
Also, case 3 where |Sq| > |V|/2 is symmetric.
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Hypercubes and Boolean Functions.

The cuts in the hypercubes are exactly the transitions from 0 sets to 1
set on boolean functions on {0,1}".

Central area of study in computer science!
Yes/No Computer Programs = Boolean function on {0,1}"”
Central object of study.



