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2. Inverses for Modular Arithmetic: Greatest Common Divisor
(GCD).

3. Euclid’s GCD Algorithm
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Years and years...
80 years from now? February 6, 2104
20 leap years. 366*20 days
60 regular years. 365*60 days
It is day 2+ 366 x 20 + 365 % 60. Equivalent to?

Hmm.
What is remainder of 366 when dividing by 77
What is remainder of 365 when dividing by 77

Today is day 2.
Get Day: 2 + 202 + 60*1 = 102
Remainder when dividing by 77 4.
Or February 6, 2104 is Thursday!

Further Simplify Calculation:
20 has remainder 6 when divided by 7.
60 has remainder 4 when divided by 7.
Get Day: 2 + 62 + 4*1 = 18.
Or Day 4. February 6, 2104 is Thursday.

“Reduce” at any time in calculation!
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Modulus is m
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1 is multiplicative identity element.
In modular arithmetic, 1 is the multiplicative identity element.
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In modular arithmetic, 1 is the multiplicative identity element.
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2x=3 = (1/2)-2x=(1/2)3 = x=3/2.
Multiplicative inverse of x is y where xy =1;
1 is multiplicative identity element.
In modular arithmetic, 1 is the multiplicative identity element.
Multiplicative inverse of x mod mis y with xy =1 (mod m).
For 4 modulo 7 inverseis2: 2:4=8=1 (mod 7).
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Inverses and Factors.

Division: multiply by multiplicative inverse.

2x=3 = (1/2)-2x=(1/2)3 = x=3/2.
Multiplicative inverse of x is y where xy =1;
1 is multiplicative identity element.
In modular arithmetic, 1 is the multiplicative identity element.
Multiplicative inverse of x mod mis y with xy =1 (mod m).
For 4 modulo 7 inverseis2: 2:4=8=1 (mod 7).

Can solve 4x =5 (mod 7).
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Inverses and Factors.

Division: multiply by multiplicative inverse.

2x=3 = (1/2)-2x=(1/2)3 = x=3/2.
Multiplicative inverse of x is y where xy =1;
1 is multiplicative identity element.
In modular arithmetic, 1 is the multiplicative identity element.
Multiplicative inverse of x mod mis y with xy =1 (mod m).
For 4 modulo 7 inverseis2: 2:4=8=1 (mod 7).

Can solve 4x =5 (mod 7).
2-4x=2-5 (mod 7)

8x =10 (mod 7)

x =3 (mod 7)



Inverses and Factors.

Division: multiply by multiplicative inverse.

2x=3 = (1/2)-2x=(1/2)3 = x=3/2.
Multiplicative inverse of x is y where xy =1;
1 is multiplicative identity element.
In modular arithmetic, 1 is the multiplicative identity element.
Multiplicative inverse of x mod mis y with xy =1 (mod m).
For 4 modulo 7 inverseis2: 2:4=8=1 (mod 7).

Can solve 4x =5 (mod 7).
2-4x=2-5 (mod 7)

8x =10 (mod 7)

x =3 (mod 7)

Check!



Inverses and Factors.

Division: multiply by multiplicative inverse.

2x=3 = (1/2)-2x=(1/2)3 = x=3/2.
Multiplicative inverse of x is y where xy =1;
1 is multiplicative identity element.
In modular arithmetic, 1 is the multiplicative identity element.
Multiplicative inverse of x mod mis y with xy =1 (mod m).
For 4 modulo 7 inverseis2: 2:4=8=1 (mod 7).

Can solve 4x =5 (mod 7).
2-4x=2-5 (mod 7)

8x =10 (mod 7)

x =3 (mod 7)

Check! 4(3) =12 =5 (mod 7).



Inverses and Factors.

Division: multiply by multiplicative inverse.

2x=3 = (1/2)-2x=(1/2)3 = x=3/2.
Multiplicative inverse of x is y where xy =1;
1 is multiplicative identity element.
In modular arithmetic, 1 is the multiplicative identity element.
Multiplicative inverse of x mod mis y with xy =1 (mod m).
For 4 modulo 7 inverseis2: 2:4=8=1 (mod 7).

Can solve 4x =5 (mod 7).
x =3 (mod 7) ::: Check! 4(3)=12=5 (mod 7).
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Division: multiply by multiplicative inverse.

2x=3 = (1/2)-2x=(1/2)3 = x=3/2.
Multiplicative inverse of x is y where xy =1;
1 is multiplicative identity element.
In modular arithmetic, 1 is the multiplicative identity element.
Multiplicative inverse of x mod mis y with xy =1 (mod m).
For 4 modulo 7 inverseis2: 2:4=8=1 (mod 7).

Can solve 4x =5 (mod 7).
x =23 (mod 7) ::: Check! 4(3) =12=5 (mod 7).

For 8 modulo 12: no multiplicative inverse!



Inverses and Factors.

Division: multiply by multiplicative inverse.

2x=3 = (1/2)-2x=(1/2)3 = x=3/2.
Multiplicative inverse of x is y where xy =1;
1 is multiplicative identity element.
In modular arithmetic, 1 is the multiplicative identity element.
Multiplicative inverse of x mod mis y with xy =1 (mod m).
For 4 modulo 7 inverseis2: 2:4=8=1 (mod 7).

Can solve 4x =5 (mod 7).
x =23 (mod 7) ::: Check! 4(3) =12=5 (mod 7).

For 8 modulo 12: no multiplicative inverse!

“Common factor of 4”
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Division: multiply by multiplicative inverse.

2x=3 = (1/2)-2x=(1/2)3 = x=3/2.
Multiplicative inverse of x is y where xy =1;
1 is multiplicative identity element.
In modular arithmetic, 1 is the multiplicative identity element.
Multiplicative inverse of x mod mis y with xy =1 (mod m).
For 4 modulo 7 inverseis2: 2:4=8=1 (mod 7).

Can solve 4x =5 (mod 7).
x =23 (mod 7) ::: Check! 4(3) =12=5 (mod 7).
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Inverses and Factors.

Division: multiply by multiplicative inverse.

2x=3 = (1/2)-2x=(1/2)3 = x=3/2.
Multiplicative inverse of x is y where xy =1;
1 is multiplicative identity element.
In modular arithmetic, 1 is the multiplicative identity element.
Multiplicative inverse of x mod mis y with xy =1 (mod m).
For 4 modulo 7 inverseis2: 2:4=8=1 (mod 7).

Can solve 4x =5 (mod 7).
x =23 (mod 7) ::: Check! 4(3) =12=5 (mod 7).

For 8 modulo 12: no multiplicative inverse!

“Common factor of 4" —-
8k —12¢ is a multiple of four for any ¢ and k —

8k #1 (mod 12) for any k.
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Thm:
If greatest common divisor of x and m, gcd(x, m), is 1, then x has a
multiplicative inverse modulo m.

Proof —: The set S={0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.
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= One must correspond to 1 modulo m.
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Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5$=1{0,4,2,0,4,2}
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For x =5and m=6.
S={0(5),1(5),2(5).3(5),4(5),5(5)} = {0,5,4,3,2,1}
All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).
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Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5$=1{0,4,2,0,4,2}
Not distinct. Common factor 2.
For x =5and m=6.
S={0(5),1(5),2(5).3(5),4(5),5(5)} = {0,5,4,3,2,1}
All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).

5x =3 (mod 6)



Proof review. Consequence.

Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5$=1{0,4,2,0,4,2}
Not distinct. Common factor 2.
For x =5and m=6.
S={0(5),1(5),2(5).3(5),4(5),5(5)} = {0,5,4,3,2,1}
All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).

5x =3 (mod 6) What is x?



Proof review. Consequence.

Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5$=1{0,4,2,0,4,2}
Not distinct. Common factor 2.
For x =5and m=6.
S={0(5),1(5),2(5).3(5),4(5),5(5)} = {0,5,4,3,2,1}
All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).

5x =3 (mod 6) What is x? Multiply both sides by 5.



Proof review. Consequence.

Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5={0,4,2,0,4,2}
Not distinct. Common factor 2.

For x =5 and m=6.

All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).

5x =3 (mod 6) What is x? Multiply both sides by 5.
x=15



Proof review. Consequence.

Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5={0,4,2,0,4,2}
Not distinct. Common factor 2.

For x =5 and m=6.

All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).

5x =3 (mod 6) What is x? Multiply both sides by 5.
x=15=3 (mod 6)



Proof review. Consequence.

Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5={0,4,2,0,4,2}
Not distinct. Common factor 2.
For x=5and m=6.
S={0(5),1(5),2(5).3(5),4(5),5(5)} = {0,5,4,3,2,1}
All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).
5x =3 (mod 6) What is x? Multiply both sides by 5.
x=15=3 (mod 6)

4x =3 (mod 6)



Proof review. Consequence.

Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5={0,4,2,0,4,2}
Not distinct. Common factor 2.
For x=5and m=6.
S={0(5),1(5),2(5).3(5),4(5),5(5)} = {0,5,4,3,2,1}
All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).
5x =3 (mod 6) What is x? Multiply both sides by 5.
x=15=3 (mod 6)

4x =3 (mod 6) No solutions.



Proof review. Consequence.

Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5={0,4,2,0,4,2}
Not distinct. Common factor 2.
For x=5and m=6.
S={0(5),1(5),2(5).3(5),4(5),5(5)} = {0,5,4,3,2,1}
All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).
5x =3 (mod 6) What is x? Multiply both sides by 5.
x=15=3 (mod 6)

4x =3 (mod 6) No solutions. Can’t get an odd.



Proof review. Consequence.

Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5={0,4,2,0,4,2}
Not distinct. Common factor 2.
For x=5and m=6.
S={0(5),1(5),2(5).3(5),4(5),5(5)} = {0,5,4,3,2,1}
All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).
5x =3 (mod 6) What is x? Multiply both sides by 5.
x=15=3 (mod 6)

4x =3 (mod 6) No solutions. Can’t get an odd.
4x =2 (mod 6)



Proof review. Consequence.

Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5={0,4,2,0,4,2}
Not distinct. Common factor 2.
For x=5and m=6.
S={0(5),1(5),2(5).3(5),4(5),5(5)} = {0,5,4,3,2,1}
All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).
5x =3 (mod 6) What is x? Multiply both sides by 5.
x=15=3 (mod 6)

4x =3 (mod 6) No solutions. Can’t get an odd.
4x =2 (mod 6) Two solutions!



Proof review. Consequence.

Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

For x =4 and m= 6. All products of 4...
S={0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5$=1{0,4,2,0,4,2}
Not distinct. Common factor 2.
For x=5and m=6.
S=1{0(5),1(5),2(5),3(5),4(5),5(5)} = {0,5,4,3,2,1}
All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).
5x =3 (mod 6) What is x? Multiply both sides by 5.
x=15=3 (mod 6)

4x =3 (mod 6) No solutions. Can’t get an odd.
4x =2 (mod 6) Two solutions! x =2,5 (mod 6)



Proof review. Consequence.
Thm: If gcd(x, m) = 1, then x has a multiplicative inverse modulo m.

Proof Sketch: The set S= {0x,1x,...,(m—1)x} contains
¥y =1 mod mif all distinct modulo m.

i-:or x =4 and m= 6. All products of 4...
S=1{0(4),1(4),2(4),3(4),4(4),5(4)} = {0,4,8,12,16,20}
reducing (mod 6)
5$=1{0,4,2,0,4,2}
Not distinct. Common factor 2.
For x =5and m=6.
S=1{0(5),1(5),2(5),3(5),4(5),5(5)} = {0,5,4,3,2,1}
All distinct, contains 1! 5 is multiplicative inverse of 5 (mod 6).
5x =3 (mod 6) What is x? Multiply both sides by 5.
x=15=3 (mod 6)
4x =3 (mod 6) No solutions. Can’t get an odd.
4x =2 (mod 6) Two solutions! x =2,5 (mod 6)

Very different for elements with inverses.



Finding inverses.

How to find the inverse?



Finding inverses.

How to find the inverse?

How to find if x has an inverse modulo m?



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find ged (x, m).



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find ged (x, m).
Greater than 1?



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find ged (x, m).
Greater than 1? No multiplicative inverse.



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find ged (x, m).
Greater than 1? No multiplicative inverse.
Equal to 1?



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find ged (x, m).
Greater than 1? No multiplicative inverse.
Equal to 1? Mutliplicative inverse.



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find ged (x, m).
Greater than 1? No multiplicative inverse.
Equal to 1? Mutliplicative inverse.

Algorithm:



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find ged (x, m).
Greater than 1? No multiplicative inverse.
Equal to 1? Mutliplicative inverse.

Algorithm: Try all numbers up to x to see if it divides both x and m.



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find ged (x, m).
Greater than 1? No multiplicative inverse.
Equal to 1? Mutliplicative inverse.

Algorithm: Try all numbers up to x to see if it divides both x and m.

Very slow.



Finding inverses.

How to find the inverse?
How to find if x has an inverse modulo m?

Find ged (x, m).
Greater than 1? No multiplicative inverse.
Equal to 1? Mutliplicative inverse.

Algorithm: Try all numbers up to x to see if it divides both x and m.
Very slow.
Next: A Faster algorithm.



