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Theorem: GCD uses 2n “divisions” where n is the number of bits.

Is this good? Better than trying all numbers in {2,...y/2}7?
Check 2, check 3, check 4, check 5 ..., check y/2.

21 divisions! Exponential dependence on size!

101 bit number. 2'°0 ~ 1030 = “million, trillion, trillion” divisions!
2nis much faster! .. roughly 200 divisions.
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gcd (132, 40)
gcd (40, 12)

gcd (12, 4)
gcd (4, 0)
4

Notice: The first argument decreases rapidly.
At least a factor of 2 in two recursive calls.

(The second is less than the first.)
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a=3and b=—1.
The multiplicative inverse of 12 (mod 35) is 3.
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if y = 0 then return(x, 1, 0)
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d=ax+by.
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Review Proof: step.

ext—-gcd(x,V)
if y = 0 then return(x, 1, 0)
else
(d, a, b) := ext-gcd(y, mod(x,Vy))
return (d, b, a - floor(x/y) * Db)

Recursively: d = ay +b(x — | 5| -y) = d=bx+(a—[5|b)y
Returns (d,b,(a—[}]-b)).
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Fundamental Theorem of Arithmetic.

Thm: Every natural number can be written as the product of primes.

Proof: nis either prime (base cases)
or n=ax band aand b can be written as product of primes.

Thm: The prime factorization of nis unique up to reordering.

Fundamental Theorem of Arithmetic: Every natural number can be
written as a unique (up to reordering) product of primes.
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No shared common factors, and products.

Claim: For x,y,z € Z* with gcd(x,y) = 1 and x|yz then x|z.

Idea: x doesn’t share common factors with y
so it must divide z.

Euclid: 1 = ax+ by.

Observe: x|axz and x|byz (since x|yz), and x divides the sum.
= x|axz+ byz
And axz + byz = z, thus x|z.
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Assume not.
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If ged(p,q)) =1, = p1lg1---q—1 by Claim.
If ged(p, q)) = d, then d is a common factor.
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Fundamental Theorem of Arithmetic: Uniqueness

Thm: The prime factorization of n is unique up to reordering.

Assume not.
n=pi-pz---prand n=gqgy-g2---qj.
Fact: If p|gi ... q), then p = g; for some j.

If ged(p,q)) =1, = p1lg1---q—1 by Claim.
If ged(p, q)) = d, then d is a common factor.
If both prime, both only have 1 and themselves as factors.
Thus, p=qg/=d.
End proof of fact.

Proof by induction.
Base case: If I=1,p1---px=q4.
But if gq is prime, only prime factoris g1 and py =gy and I=k=1.

Induction step: From Fact: p; = q; for some j.
n/pr=pz...px and n/q; =TIl q:.
These two expressions are the same up to reordering by induction.
And p; is matched to g;.
O
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CRT Thm: For m,n s.t. gcd(m, n)=1, there exists a unique solution
X (mod mn) s.t.
x=a (mod m)and x = b (mod n)

Proof (solution exists):
Consider u=n(n~" (mod m)).
u=0 (mod n) u=1 (mod m)
Consider v =m(m~ ))
v=1 (mod n)
Let x = au+ bv.
x =a (mod m) since bv=0 (mod m) and au=a (mod m)
X =b (mod n) since au=0 (mod n) and bv =b (mod n)
This shows there is a solution.
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