
CS 70 Discrete Mathematics and Probability Theory
Summer 2026 Tate HW 03

Due: Saturday, 7/18, 4:00 PM
Grace period until Saturday, 7/18, 6:00 PM

Remember to show your work for all problems!

Sundry
Before you start writing your final homework submission, state briefly how you worked on it. Who
else did you work with? List names and email addresses. (In case of homework party, you can just
describe the group.)

1 Jelly Bean Factory
Note 10 A candy factory has an endless supply of red, orange and yellow jelly beans. The factory packages

the jelly beans into jars of 100 jelly beans each, with each possible combination of colors in the jar
being equally likely. (One possible color combination, for example, is a jar of 56 red, 22 orange,
and 22 yellow jelly beans.)

Find N, the number of different possible color combinations of jelly beans in a single jar (note that
color combinations are unordered).

2 Ensemble
Note 10 A music club has 20 members: 12 violinists and 8 cellists.

(a) How many ways can we form a quintet, an ensemble of 5 members?

(b) The club quickly realizes that this might result in 5 violins or cellos! How many ways can
we form a quintet, where there is at least one violinist and one cellist?

(c) Ideally, we want to have a balance of violins and cellos. How many ways can we form a
quintet, where we either have 3 violins and 2 cellos, or 2 violins and 3 cellos?

3 Grids and Trees!
Note 10 Suppose we are given a grid, where one starts at the origin (0,0). We want to eventually reach

some coordinate (a,b). On this grid, we are only allowed to move left, right, up, or down by
increments of 1.
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(a) How many shortest paths are there that go from (0,0) to (n,n), for n ≥ 1? (Hint: not all of
the four possible moves may be useful.)

(b) How many shortest paths are there that go from (0,0) to (n−1,n+1), for n ≥ 1?

Now, consider shortest paths that meet the conditions where we can only visit points (x,y) where
y ≤ x. That is, the path cannot cross line y = x.

(c) Compute the number of shortest paths from (0,0) to (n,n) that do cross y= x. (Hint: Let (i, i)
be the first time the shortest path crosses the line y = x. Then the remaining path starts from
(i, i+ 1) and continues to (n,n). If in the remainder of the path one exchanges y-direction
moves with x-direction moves and vice versa, where does one end up?)

(d) Compute the number of shortest paths from (0,0) to (n,n) that do not cross y = x. (You may
find your answers from parts (a) and (c) useful.)

We shall call the paths found in Part (d) n-legal paths for an (n,n) maze. Let Fn be the number of
n-legal paths from (0,0) to (n,n).

(e) A different idea is to derive a recursive formula for the number of paths. Fix some i with
0 ≤ i ≤ n− 1. We wish to count the number of n-legal paths where the last time the path
touches the line y = x is the point (i, i). Show that the number of such paths is Fi ·Fn−i−1.
(Hint: If i = 0, what are your first and last moves, and where is the remainder of the path
allowed to go?)

(f) Explain why Fn = ∑
n−1
i=0 Fi ·Fn−i−1.

(g) Create and explain a recursive formula for the number of trees with n vertices (n ≥ 1), where
each non-root node has degree at most 3, and the root node has degree at most 2. Two trees
are different if and only if either left-subtree is different or right-subtree is different.

(Notice something about your formula and the grid problem. Neat!)

4 Is This CS 61C?
Note 10 XOR (⊕) is a function that takes in two integers that are each either 0 or 1 (also known as one-bit

integers), and returns 0 if they have the same value, and 1 otherwise. For example, 1⊕ 0 = 1,
whereas 0⊕0 = 0. Note that we can generalize XOR for k one-bit integers to say x1 ⊕·· ·⊕ xk =

(x1 + · · ·+ xk) (mod 2).

(a) Show that the number of one-bit integer solutions (x1, . . . ,xk) for x1 ⊕·· ·⊕ xk = 0 is 2k−1.

We can extend XOR to an n-bit string, which is a length n string where each integer in the string
is a one-bit integer. If we have two n-bit strings s = s1 . . .sn and t = t1 . . . tn, we define s⊕ t to be
u1 . . .un, where for all i, ui = si⊕ti. We can similarly define XOR for k n-bit strings y1 = z1,1 . . .z1,n,
. . . , yk = zk,1 . . .zk,n, and y1 ⊕·· ·⊕ yk = w1 . . .wn, where for all i, wi = z1,i ⊕·· ·⊕ zk,i.

(b) Show that for an arbitrary n-bit string x, the number of n-bit string solutions (y1, . . . ,yk) for
y1 ⊕·· ·⊕ yk = x is 2(k−1)n. (Hint: You may find your answer from part (a) useful.)
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5 Proofs of the Combinatorial Variety
Note 10 Prove each of the following identities using a combinatorial proof.

(a) For every positive integer n > 1,

n

∑
k=0

k ·
(

n
k

)
= n ·

n−1

∑
k=0

(
n−1

k

)
.

(b) For each positive integer m and each positive integer n > m,

∑
a+b+c=m

(
n
a

)
·
(

n
b

)
·
(

n
c

)
=

(
3n
m

)
.

(Notation: the sum on the left is taken over all triples of nonnegative integers (a,b,c) such
that a+b+ c = m.)

6 Count It!
Note 11 For each of the following sets, determine and briefly explain whether it is finite, countably infinite

(like the natural numbers), or uncountably infinite (like the reals):

(a) The integers which divide 8.

(b) The integers which 8 divides.

(c) The functions from N to N.

(d) The set of strings over the English alphabet. (Note that the strings may be arbitrarily long,
but each string has finite length. Also the strings need not be real English words.)

(e) The set of finite-length strings drawn from a countably infinite alphabet, A .

(f) The set of infinite-length strings over the English alphabet.

7 Hilbert’s Hotel
Note 11 You don’t have any summer plans, so you decide to spend a few months working for a magical

hotel with a countably infinite number of rooms. The rooms are numbered according to the natural
numbers, and all the rooms are currently occupied. Assume that guests don’t mind being moved
from their current room to a new one, so long as they can get to the new room in a finite amount of
time (i.e. guests can’t be moved into a room infinitely far from their current one).

(a) A new guest arrives at the hotel. All the current rooms are full, but your manager has told
you never to turn away a guest. How could you accommodate the new guest by shuffling
other guests around? What if you instead had k guests arrive, for some fixed, positive k ∈Z?
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(b) Unfortunately, just after you’ve figured out how to accommodate your first wave of guests,
a countably infinite number of guests arrives in town on an infinitely long train. The guests
on the train are sitting in seats numbered according to the natural numbers. How could you
accommodate all the new guests?

(c) Thanks to a (literally) endless stream of positive TripAdvisor reviews, word of the infinite
hotel gets around quickly. Soon enough you find out that a countably infinite number of
trains have arrived in town. Each is of infinite length, and carries a countably infinite number
of passengers. How would you accommodate all the new passengers?

8 Computations on Programs
Note 12 (a) Is it possible to write a program that takes a natural number n as input, and finds the shortest

arithmetic formula which computes n? For the purpose of this question, a formula is a se-
quence consisting of some valid combination of (decimal) digits, standard binary operators
(+, ×, the “^” operator that raises to a power), and parentheses. We define the length of
a formula as the number of characters in the formula. Specifically, each operator, decimal
digit, or parentheses counts as one character.

(Hint: Think about whether it’s possible to enumerate the set of possible arithmetic formulas.
How would you know when to stop?)

(b) Now say you wish to write a program that, given a natural number input n, finds another
program (e.g. in Java or C) which prints out n. The discovered program should have the
minimum execution-time-plus-length of all the programs that print n. Execution time is
measured by the number of CPU instructions executed, while “length” is the number of
characters in the source code. Can this be done?

(Hint: Is it possible to tell whether a program halts on a given input within t steps? What can
you say about the execution-time-plus-length of the program if you know that it does not halt
within t steps?)
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