
CS 70 - Spring 2024

Lecture 26 - April 23

-



Today
•. Some review problems on Probability
Counting

Next (Last) Lecture

• Applications of Probability in Algorithms
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Give a combinatorial proof of the following identity:

RHS = # ways 9 coloring n items R, B, or G

LHS : first pick i Red items
then color remaining n-i items B or G
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Center of coin is

rectangle
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NAI : E/Yi] = E-[Y , ] = IN and Elyiyj ]=Pr[Yi=Yj=D= 1714=92--1]=Iw×fÉ,
(by symmetry)

EIP]=ÉEE[Yi ] = IN .

Var/P) El it]- ELP]?
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= In {It"jf -¥ }Recall that sample size 2 Var(P) (for fixed
accuracy/confidence and fixed EIP]) = tk.IN . N¥ - Nn,Difference in Variances between parts fat ☒ (b) is a
factor Nn¥ c- 1 . So sample size decrees byfactorN¥, whensampling w/o replacement.



Poisson (3/4)

Exp (3141

Bin (100,1/5)
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E/T/N=k)=E[X, -1 . - the) = Ktx =éh÷,
E- IT] = [ E- IT/N=k7PvlN=k]=É¥ . Pr[N=k]

#
4=0

Total Expectation
"

= ¥ÉokRlN=k]
= ¥E[N]= My



NC 7- • 9)

e
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ELT] = E-[TIshort]Pr[short] + ECT / long] Pr [long]
= ¥ × } + Iz ✗ Is = 2

(can also do by integration ! )
L = long bark
F = Fedex delivery

know : Pr [LIF] = 415 Pr[LIE] = 43 Pr [F)=Ko
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Consider random walk on the following directed graph.

(a) If you observe the walk after many steps, starting from vertex a, what is the probability of finding it at vertex d?

(b) What is the expected number of steps until the walk reaches vertex d starting from vertex a?

.

(c) Compute the probability that the walk, starting at vertex d, hits vertex a before vertex e.

Random walk is irreducible Graph is connected) & aperiodic (graph has

triangle so is not bipartite) .
Heater-w. converges to unique invariant disk .

a-G) = de9# starting from
2)El any vertex

And a-(d) = deg (d)116 = 4116--1/4

Let pci)=E[#stepsto reach dfomi]
Hd) -0 .

Want Bla) .

Note :P (b)=P /c) .

Also Bled, plf) are irrelevant
because we reach d before, f

p (a)=/+ I KPIb)+Bk)) = It B(b) ⇒ p(a)= 1+81 b)

p(b)= 1+1-3 (a)+Pal+Hd)) =/+Is Pla) + Isp (b) ⇒ 29lb)=3+ Pla)

Solvegreen eauns : B/a)= 21lb) -3=2/Ma)
- 1)-3=2Pta-5

⇒ Pla)=5

Let ✗ (c)= PrChita beforee, starting ati] .
✗(a) = 1; ✗(e) =0; ✗(b)=✗(c) (symmetry ) Notation : replace ✗lit by i Do
b = Is late+d) = ↳ +Ebt ;D ⇒ 2b = Itd

D= ( btcte+f) = Eb + Igf ⇒ 4D= 2b+f) "
"e :

✗(d)= 45
5- = {letd) = Id ⇒ zf=D
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Bli) = E[#stepsto reach 5 starting from i]

P(5) = -0 BK) = I + Pls) = I Wawtt :P101

B (3) = It { PIG) +ERST = 1+1+0 = 3/2

Bk) = I + EPH +EPI4) = It 'z(£+1 )
= 914

PM = It EACH + { BG ) = I+ ICE, 1-E) = 2318

PM = I -1£ Blintz Bk) = 1+42%-1%1=57/16
E-(time] = 5×57/16 = 285/16 I 17.8s .


