Q1 Counting on Tree
2 Points

Let T" be a rooted tree of three levels. Assume the root has n; child nodes and
each vertex on the second level has ny child nodes.

Q1.1
1 Point

How many leaves do we have in T?
O ny

® ny - no

O ni+mny-ny
Ol1l+n;+mn;-ny

Explanation
n1 choices for first level, na choices for second level; multiply them together
to get ny - ng leaves.

Q1.2
1 Point

How many vertices do we have in T'?
O ny

O ny - ny

O ny +mny - ng

@®@1+n;+ng-ny

Explanation
The first level has 1 vertex, second level has 11, and third level (leaves) has
n1 - No.



Q2 Sample without replacement
1 Point

Let n be a positive integer and S = {1,2,...,n}. Assume 1 < k < nisan
integer and we iteratively draw k elements from S without replacement (that is,
an element is removed from S once it is drawn). What is the number of possible

element sequences from this process?
O nk
O n!

n!
® (n—k)!

Explanation
The first draw has n possibilities, then the second draw has n — 1 since the

first element is removed. In general, the 2-th draw has n — ¢ + 1 possibilities.
n!

Hence the total numberisn - (n —1)----- (n—k+1) =5




Q3 Sample with replacement
2 Points

Let n be a positive integer and S = {1,2,...,n}. Assume k > 1is an integer
and we iteratively draw an element from S with replacement k times.

Q3.1
1 Point

What is the number of possible element sequences when the order of the
elements matters?
@ nk
n+k—1
O (")
O n!

(n—k)!

Explanation

Each of the draws have n possibilities; since we draw k times, the total

number is n*.

Q3.2
1 Point

What is the number of possible element sequences when the order of the
elements do not matter?
O n*
nt+k—1
® (")
O n!

(n—k)!

Explanation

See note.



