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Today : Countable Uncountable sets

OR : Does a = a +1 ?

Why ?

Background for counting

Understanding sets like IN, Z, E, R , . . .

Background for computability (next lecture)



Main Question : When do two sets have the

same size f- "cardinality
") ?

Finite sets : Easy !

Two finite sets have same size iftheir elements
can be paired up with a bijection :

Defy : A functionf. A-→B is a
bijection if f- is both

• >•

fi) one -to-one (7-1)
,
i. e.
,

" injection
"

• >•

• >• V-a.az C-A Kartaa) ⇒ fta , ) -1-862))
•

g-
>•

A B
and "surjection

"

Iii) onto
,
i. e.
,

(Hb c-B) (FaeA) (f-(a)= b)
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f is 1-1 ⇒ /At ⇐ 1131 f is onto ⇒ IAI 71131

f- is a bijection <⇒ f- is 1-1 onto <⇒ 11-1--1131

Note : Every 1- I function has an inverse function .

The inverse of a bijection is also a bijection .



Example : A- =B= {0,1, - - ;m - I }

Let gcdlm , ✗1=1 and define f-(a) = ax lmodm)

E.g. m=7 , ✗ =3
0 > 0

We saw earlier that
1

y
1

all the f-(a) are 2 > 2

distinct
,
i.e.

,

A
z

s
3 B f- A)

f- is 1-1 .
4 > 4

5 > 5

It is also onto because 6 ' b
f

b=f(a) fora __ ✗
" b

Curodm)



Example : A={0,1}
"

- 0--1 strings of length n

B. = set of all subsets of {1,2 , . . - in }

000 • > • 0

100 • > • {i} E.g.

n=3

010 • > • {2}

001 • > • {33 ffq.az . . - an) = { i : ai =L}
I 10 • > • {1,2}

101 • > • { 1,3 }

01 / • > • {2,3} This provesthat 1^-1=1131
11 I • > • {1,33}
f (Actually both have size 2)A B



What about infinite sets ? ( IN, Z, Rete .)

Use the same definition : Tvo sets have same

cardinality ⇐ F a bijection between them

Example : IN= {0, 1,2 , . - - }
Z+ = { 1,2 , 3, - - - }

Q : Is IN bigger than Z+ ?

A : No ! Note : Hilbert's Grand Hotel
0 •

- All rooms 1,2, 3,- - - occupied
I • >

• I - Can we accommodate one

Ñ
2 • >

• z
2/-1 more guest ?

3 • >
• 3 ffn) = n -11 Knew
>
• 4

g- bijection ! ⇒ 11N 1=12/+1



Example : IN = { 0,1×2, - - . }

Neven = { 0,2 , 4 , - - . }

Q : Is IN bigger than /Neven ?

A : No !

0 •→ • 0

I •

IN z •
↳

• 2 Neven
3\

. 44 • fln)=2n
:

bijection ⇒ taken 1--1 INI



Example : IN -_ {0.1.2 , - - }
= { - - - , -2, -1,0 , 1,2 , - - - }

Q : Is Z biggerthan IN ?

A : No !

← fG1= { ?
neven

- FEI n odd
0 • > • 0

I • >• -1

IN 2 • >• I
z -

3 • > • -2

4 • > • 2 . .
. -4
-3-2-1%-0=-12 3 4 . . .

5 • > • -3 flu) = nth element

f- of Z visited by1211 =/INI green path



Definition : A set s is countable if 3- a bijection
between S and IN or some subset of 1N

Examples (so far)
- every finite set is countable
- IN

,
Z+ , Neven are countable

- Z is countable



What about ✗ IN (pairs of natural numbers ) ?

,

r

'

f-(a) = nth pair f.j )(0,37 • (3)
.

.

"

visited by green path(6)2) • 2) 12,2)☒can•, En En f is a bijection
(0,0) (1,0) 12,0) (3,0) (4,0) (5,0)

⇒ HN×N/ =/AVI
flat =



What about ☒ (rationals) ? no
Gib)

similarto INXIN : every rational q=÷ withgcdlqb)
=L

So we can think of ☒ as a subset of ZXZ

Mapping f : 21×2 → IN

injection f- : 2×2→ IN
• • • (o

,
2)• • • •

• so • ①, 1) @ • • •

*÷;¥ also injection f : ☒→ IN
(since ☒ c-ZXZ)

• • • (o;D• • • •

• • • (0
,
-2)• • • •

2×21



Theorem [Cantor -Bernstein /Schroeder- Bernstein]

If 3- injection f- :A→B and injection g :B-7A then
7 bijection h : A-→B

We've shown

injection f- : ☒ → IN

injection g : IN→ (obvious since /Nee)

Hence 7 bijection h : Q → IN

so /④ I =/ IN/



Two more examples :

1. {0,1 }* = set of all 0-1 strings (of any length)

Enumerate as :%É1%00,01 , 10,11 , 000,001, - - -

→ {0
, I }* countable

2. IN(X) : polynomials over IN e.g. 6×3+3×42

Encode as strings in {0, 1,2}* :

e.g. 6×3 + 3×2+2 = 1-102112211

This is an injection /NH)→ {0, 1,2}*
But {0,1,2)

*
is countable as above

⇒ INN countable



Hilbert's Hotel : rooms 1,2 , 3, - -
-
-

- l extra guest shows up
- 10 - - - guests
- infinite #A new guests 11 , 2,3, - - - }
- infinite # of b'iiésieath carrying an

infinite"ÉgjñesÉ



Georg
Cantor

What about the reals
,
R ?

NOI : 3- infinitely many rationals between any two reals !

Theorem : IR is uncountable - in fact, so is [0,1]

Proof : By contradiction , using diagonalizalion

Suppose for☒ that 10,17 is countable .

Then it can be enumerated as follows :

f-(O) = 0 . 37255 - -
- Note : any re [0,1] can

f(1) = 0
.

89898
-
- - be written as an infinite

5-(2) = 0
.
I 9 9 99 .

- - decimal (no trailing zeros ) :

f(3) = 0
.

1 4 28 5 .
-

- E.g- 1=0.9999 . . - -
• 1/7=0 . 1428571428 . - -

:
✗= 0.9¥ - - - 19✗ = 9. 0.75=0-749999 . . -

10x = 9. 999 - - ⇒ ✗=\ YE = 0 . 707106 - - -



Georg
Cantor

Proof : By contradiction , using diagonalizalion

Suppose for☒ that 10, I ] is countable .

Then it can be enumerated as follows :

f-(O) = 0 . ③7255 - -
-

f(1) = 0
.
8 ⑨ 8 98 .

- -

ft) = 0
.
I 9 ⑨ 99 .

- -

5-(3) = 0
.

I 4 2805 .
-

-

: : :
'

n
.

Look atthe diagonal digits
consider number s that differs from each of these digits
in the same place :

enumeration
5- 0 . 4 1 19

. .
.

Kim : s is not in the emmeram
t¥

Why ? Sp - S = fci ) But this isn't true because
ithdigit of s
=/ ith digit of fli)



Power sets

Defy : The power set of a setA, denoted P(A),
is the set of all subsets of A .

If A is finite, we've seen that / P(A) I = 21A
'

what about infinite A ?

How large is PAN) ?

Note : PUN) contains infinite sets such as IN
,

{ primes } , INeven , etc .



Theorem : PAN) is uncountable

Proof : Diagonaliaation !

sp.fr#thatPANlis-countable-ThenFenumeration
of it as follows :

0 I 2 3 4 5

to) ① O l l O l - - - -
-
-

-

th) I ① I 1 I 1 -
- -

5-(2) 0 0 ⑥ O O O -
-

5- (3) I 1 0 ① I ① - -

i :

construct sets -4N by :
→ s={ e- c- IN : iefli ) }
Theirs # flit for any i , so s not in enumeration

☒
⇒ PAN) uncountable .



Actually , / Plant = 11121 ?

Proof : We give in-je-imsf.PK/V)-Yo.BTog:l0.B-paN)

1. f-. PKN)→ [ 0, I ]

for A c- IN, define f-(A)
= 210

- lit "

ic-A

e- g. f-( /Neuen) = 0.101010 . - -

2. g :[0,1]→ PIN)

g(0 . r, rzrz V4 . - - ) = {r
, ,
10h

,
100 V3

, 10004 , - - - }

Exercise : Show that 1112×1121 = 11121 (or 110,13×10,131=110>DD
(Need to find injection f- : IRXR→ IR)



The Cantor Set (a weird uncountable set)

0 1

1/3 43

1/9 49 719 819

- start with [0, I ]

- remove (1/3,43) [ open interval in center]

- repeat recursively on remaining intervals

C : = { ✗c- [0,1] : ✗ is not removed }
Measure of C : I → E. → (3)

'

→ . . . →(g)
"

→ . -→0
as n→ ao

But :C is not empty !
E. g. C contains endpoints { 0 , I , 43,43 , 49 , 49,719,819, . . - }

Also contains (e.g.) 114 : ¥ < J , E, > f- . I, <¥ . . - .



Theorem : Cis uncountable

Proof : Write any re [0,17 in ternary
E.g. 1-3--0.1 = 0.0222 - - -

Zz = 0.2 = 0 .
1222 - -

First cut : removes all numbers 0.1 xxx . .

Second cut : u n - i 0.01 Xxx - - ☒ 0.21 xxx . - .

- - .
and so on

Henge : ✗ c- C ⇐ ternary rep? of ✗ consists only
of 0's 2's

Now define injection f- :[0,1]→C by

f- (0 . 1001110 . - . ) = 0.2002220 . -
.

Since also C c- [0,1 ] we have ICI =/ [0,131



Orders of Infinity

/IN / = Xo (
"

aleph -zero
"

)

/ Rt = / PUNY = 2% = • ("cardinality of the
continuum" )

Higher orders of infinity :X , , Ha, - - -

Continuum hypothesis :X , = • , i. e. , there's
nothing between 11N / and IRI

Godel /Cohen : continuum hypothesis is independent
of the axioms of set theory


