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Last Lectuve

0 Sets AR have same Cardivalily <> 3 lojechionf: A8

0 Set A s countable & 3 bijection e bween A
aud (owe suloset of) N

o Sowe Couvdnlole sels (?/0\1@0\ \73 QmuMefaﬁW\) :
— at\ {m‘c\/’a SEA’S
- N2, Q, Zx2Z, {01V N, .

o Jowe wncowntable sels (?vo\/ed bﬂ d‘lﬂovxq().zaﬁo\n> :
- R, [01, 10(N), Coutorset, . __




Today
Q| Is ther any (wathewatical [techucal) prblenn

thal” computevs canvok solve

Yes ! [Tuviwﬁ: Ha(fMj Pro Uem]

canvot be pvowed ?
Yes | [ Godel = Jncompleteness Thiovem |

A
@ 1s thew any +tre wathemahcal Hheovem that

Why ?
O Gredl aPplLCaﬂLion o(: Dicﬂona,izpﬁaw
O Cove PM\DSD?\M OF Cowpuﬁ’v Scene




Tiwe live

~1900 :  Hilkerts P(Djo/awt! :fwwaa(ize, all a()
Mathewolics via aions & infevence rules

earl
1900 - Russell & others - logical pavadoxes

1931 - Godel - Nt possible for avithwetic —
must exist tve stuteweds thal aven't P\foval)le

1936 : Twmg . Theve ave wmathemahical ?»/olo lews
thil no Cowpwler can solve




Tu wnq's Theovem Jvtg\/eo( Lemts -

1. A wodel OF cowmputation
(to define what's possi.\)\e/\.'wxposstble)

2 R/oamm = Data (= biv\a{\_.‘ _s\-n;u\&s)

3. Self-— 164:&/2!/[6, (’.:: 0\56&30\/\0(&2&}\'\:0‘/\)



1. Model of Computution : Tuving Machine

(8)

(o)
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110]11]0]0O|O|1|1
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o

8: Qx 10,1y — Q x 20,17 x {L,R,3}

Pimilive, but eouivledt to (ie., can siwmulde) oy obher

— Random Access Machive
L H'\SL, Level Ploﬁmwuiwﬂ Lavxsu&ge
— Quarttum Cp VAP wlev

model , e.q. :



2. P(ogmw\s = Data

Tuving Madaivxe/ Cowpuler progrom A5 yust o funite
stv W\S ot birs

= if con be fed 1o another programa as wpul '.

Universal TM

wanlatl

@ - Twre wwvented Pogram wale CDN\QUL\‘CVS
(ovxg?efove they weve a\esiﬂvseo\ or bwilt |



3 S(’, Q 'Re(lc«emce,

LOSLCG-L Pamo(oms
- T[Ms sentence 43 »fnlse,

- The bavber shaves +Hhose — and onlythose— en
who do nol shave Hrerselves (whee evesyore s

deaw sbhaven

- S= the sei'oF all ses tual do wot covitaun
hemselues

— "Yields o falsehood when appended o W& own
Quotation 3@\0\5 o falsehood when appendad to
s own Quotadion”



Quines

COMPMT?( progams twal +alke no \‘MP\AT anal
Outpwl thewr own source code

EXWMP\CL wn R‘A‘Oﬂ ‘-

eval s = “P(va‘t ‘eval s = '/- p 5”



Ha\ft\rj % MNon- Ha“{\ﬂ PWOSI(MMS

ngfaw\ counnl - bd‘ thvees ( X )

counit = O
while counl # x
C,OWAT: C,O\Avtt+3

O\A‘(Pvft " Dove !

= if X is a nou-vegatwe wulhple 0(’ 5. then
Cownmt_ by- twvees (x\ ha\ls (&/ ot Pz~ Done ")

- othevwize, cowdt- by-thvees doesn't ball'/ logps

~orever
Hal\‘\}\g?fbl\w -. T)\SH\A\S\MSL these two belmviovs




The Ha “’i@ Roblem

J_I\QE : P\/oﬂram(TM) P % »WLFU.T K —fvr P
Queshon: does P walt on wmpul X ?

’KAWvg‘s Theovemr: Therve 4> Mo computey progvoun (M)
Lhal solves te i‘falh’nﬂ Poblem o al\ uapuls

Nole : W say Tlat the Hulbhwg Yoblewr s
wncowpulnlole or undecdable




PJOOF 0 Yr T-\A.VLV\.&'S Tlmorg,vtn 1

impuls
P T

)
uje n?y

I 4 x4

Swinafo ™



The "Easy _Halking Rroblews
J_M\’E Rfogmw\ P
Quedion: Does P halt on waput O 7?

Theoven : “Eqsd "HP ts uadecidable
P@f :

Pugvam TestHall (P, x)
Conshmek 2 podvam P’ Alak, ona
s wulabes W\MX Leisus &
/eunm TestEasyHalt™ (P )

Q{a\_,bw . TekHalt (px) = TRue

VP,

P halks on x o



We jus’t used a veduchion /fvw/\ HP EastP:

"\ TvweFal
b x //) reduchon | —— el >
T 7
: sy HP | solves HP

/

~
4

\ e

~ —

—

ﬂ\& \/edu(h:ovx §\ADWSM LF EG%H? as soanMe en
so 15 HP 33X

So GasHP is wit soluable



R'ngm EQuL\/a\gmce,

It = Two pograws P, R
Quesion: Do P, belave the same (kali’/uot halk) on all LApitS 0

’ﬂ«eom ' Pf Oﬂ/aw\ EQW\/. A58 uw\o{eo(o(alo(e,




Other Undecidable Problenns

4- MDSl' QV\GS\"iOV\S aboul s«:Fhuxu/e, behauio.r, e.g,
Jwput - Rrogram ¥, Specifrcation S
Queshion = Does P sqh‘.s?.j S?

2. \:Jauﬂ T,\Wj ?f oHew» o | ke
ﬂV\PMt FUM{E sel OF WOMS {'L‘.es) e.q.,
Question © Can we tle tue wfinie Pove witl tlese Rles ?

8%

Makviy /‘Aoltawg Roblema
J‘_'Wt Funde ser 0? N KV 'whge/ watice s
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4. Cowwaj's Gawe of L(fe

< Zoccu\‘\'ca\ wovs. — die

X 73 W W —40{{&
X | X =3 - . — bwn

It - dadhal config T, friral calg F
Quedion : s Fveadrable o T w a Pinite v«o.:%

genest a\Novs

5. Diopradtine EQuakions [ Hilbeds 10tk Problew |
Jiv?u_’f ; 'Pokjwovvtial e uahion with \}L\_‘(’%@L coeflicieus
Vo

x==1 ‘4:3
Queoh. : Does He esmahow Wale an \'A_A('_E_ge,i sowhan 7



Godel's Jnco wpleteness Theoveun

Theve dloes not exist o -PVDo(: systewa fo avithwehe
Lkt 15 borh c,ov,}sls‘ren‘f and complel®

Camt pove Doty caw pvove all
P amd - P ‘\'NES\"C&C\M&AJTS){.C-\
‘dP) COM vae eller

PorP



(odels Theormn: Skekdn of Rroof

Wvis « Sk‘q{'emem't w avithumelic DCﬂAe, -ﬁw\m
S: " Tus statement 4s ust pvovable ]

Cuse ) = S is prowable .
Then by wvsistency S istvue , 50 S s vok provable YK

(e@) : S is wix wa&\e-
Then b‘j complefeness S is &2&\3&) sO S s wouable X

Wvl‘wxj S s tvickw — velies on clever arbhwehic
Codvig OC shfeweﬁr (" Godel numbey lng D

Gevel oo of S: 2 3z (2 4s aprof of His statawent )



R’DO‘2 ()F Godels Theoo via H‘alﬁﬁ}fo\:\ew

1. Gvan LM XD, wits an avithwebic statewent
 fle o
((Mpl . Malls on wpub

FDI\M o(' LeM,x !
3 Z (2 encodes o \Mtu'ivs execuhon seavence )
0(2 M own Jv\?uk X
com fig Z]TM MeXN Bwme 4

[
Z : 2\ %2%5:1—72(. - - - Z( Eogn 1 TT T 2b
Va; 2 ‘52-(_1_\ T M/ 6‘““1"5
whal AN Cowrde C’Mﬁ\S '
confy. tvampitiow 5]

Wi W the TM



Roof oF Godels Theotuwr via H‘uN-iﬁ:PmL\ew (cowt)

2. Solee Ha\h‘,ﬂ Yroblemn bﬂ sea«c,\».mﬂ fpxq
proof of eifler @y, oF T,

Prograun Test Halt (M,x)
construct o

fov eadn possible ?fcoe q,
if 9,45 @ poof of Qy . Owtpalk “Twee!
if q 15 & poof of gy, ouipul “Fale”
Jf pod syskewr <s comglele X covsiskent; Fluis
prgow alunys decides the H-P

Hewee Ont ke comdels & cmsistedd 1







