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Last Lecture

1. Counting

2. Sampling 𝑘-element objects from some set 𝑆

3. Counting functions 𝑓: 𝑋 → 𝑆 between two finite sets, where 
𝑋 = 𝑘 and 𝑆 = 𝑛.

4. Key rules of counting
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Sampling

𝑗1 𝑗2 𝑗𝑘...1 2 𝑛...
Set 𝑆
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𝑘-element object 

# inequivalent 𝑘-element objects depends on whether
● sampled objects are ordered or unordered.

(             and                   are distinct 2-element ordered objects, but the 
same unordered objects. )

● sampling is done with or without replacement

Population Sample
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32 3 2



Counting functions between two finite sets

The number of inequivalent functions 𝑓 depends on:
● Restrictions on 𝑓

○ 𝑓 is arbitrary (no restriction).

○ 𝑓 is injective (one-to-one).  Need 𝑘 ≤ 𝑛. 

○ 𝑓 is surjective (onto).  Need 𝑘 ≥ 𝑛.

● Whether the elements of X  and S are 
distinguishable or indistinguishable.

𝑓: 𝑋 → 𝑆, where 𝑋 = 𝑘 and 𝑆 = 𝑛  
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1 2 3 n
1 2

1 2 3 n
2 1

1 2 3 n

Balls and Bins



Summary

Elements of 𝑿 Elements of 𝑺 Arbitrary 𝑓 Injective 𝑓

Distinguishable Distinguishable Case 1
𝑛𝑘

Case 2
𝑛!

𝑛 − 𝑘 !
Indistinguishable Distinguishable Case 4

𝑛 + 𝑘 − 1
𝑘

Case 3
𝑛
𝑘

𝑓: 𝑋 → 𝑆, where 𝑋 = 𝑘 and 𝑆 = 𝑛  
Sampling with 

replacement
Sampling without 

replacement

Ordered

Unordered
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Key Rules of Counting
Second Rule of Counting
● More generally, if there exists an 𝑚-to-1 surjective map

𝑔: 𝐴 → 𝐵
(i.e., for every 𝑥 ∈ 𝐵, 𝑔−1 𝑥 = 𝑚), then

𝐵 =
|𝐴|
𝑚
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𝐴 𝐵

Why is this useful?

𝐴 can be easier to count  than 𝐵.
Recall the octopus problem from 
Lecture 14



Key Rules of Counting
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Zeroth Rule of Counting
● If there exists a bijection (one-to-one correspondence) 

between two finite sets 𝐴 and 𝐵, then 𝐴 = 𝐵 . 𝐴 𝐵

Second Rule of Counting
● More generally, if there exists an 𝑚-to-1 surjective map

𝑔: 𝐴 → 𝐵
(i.e., for every 𝑥 ∈ 𝐵, 𝑔−1 𝑥 = 𝑚), then

𝐵 =
|𝐴|
𝑚

𝐴 𝐵



This Lecture

1. Combinatorial Proofs

2. Combinatorial Identities

3. Permutations and Derangements

4. Inclusion-Exclusion Principle

5. Application
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Combinatorial Proofs

● Proving this by induction is tedious.
● We will provide a combinatorial proof instead:
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● RHS:
○ 𝑘 copies of 𝑎 and 𝑛 − 𝑘 copies of 𝑏 leads to 𝑎𝑘𝑏𝑛−𝑘 .
○ #ways to choose exactly 𝑘 factors from {factor 1, ..., factor 𝑛} 

without replacement so that they contribute 𝑎 instead of 𝑏 is 𝑛
𝑘 . 

○ 𝑘 ∈ {0, … , 𝑛}

factor 1 factor 2 factor n
Each factor contributes either 𝑎 or 𝑏 when expanded out.

● LHS:



A Useful Lemma
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Proof: Set 𝑎 = −1 and 𝑏 = 1 in Binomial Theorem.

Note: We will make use of this lemma later to prove the 
Inclusion-Exclusion Theorem.



● For each choice in the first part, there are 𝑛
𝑘−𝑗  possible choices in the 

second part.
● There are  𝑚

𝑗  possible choices for the first part.
● 𝑗 ∈ {0, … , 𝑘}

Combinatorial Identities

Proof:
● RHS: 𝑆 = {1,2, … , 𝑚 + 𝑛}.  

#ways to choose a 𝑘-element subset from 𝑆 is 𝑚+𝑛
𝑘 .

● LHS: 𝑆 = {1, 2, … , 𝑚, 𝑚 + 1, … , 𝑚 + 𝑛}
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Choose 𝑗 elements from here Choose 𝑘 − 𝑗 elements from here



Pascal’s Triangle
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𝑛 = 0

𝑛 = 1 
𝑛 = 2 

𝑛 = 3
𝑛 = 4

𝑛 = 5
𝑛 = 6

𝑛 = 7

𝑛 = 8

The (𝑛, 𝑘) entry shows 𝑛
𝑘

𝑛
𝑘 + 𝑛

𝑘+1  = 𝑛+1
𝑘+1  

2
2 + 3

2 + ⋯ + 6
2  = 7

3
1 + 3 + 6 + 10 + 15 = 35 

𝑛 = 7 and 𝑘 = 2 in the above example.



Proof:
RHS: # ways to choose 𝑘 + 1 elements from 𝑆 = 1, … , 𝑛 .
LHS:                     𝑆 =  {1,2, … , 𝑗, 𝑗 + 1, … , 𝑛 − 1, 𝑛}

Hockey-Stick Identity
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Let this be the largest 
element chosen.

Choose 𝑘 elements from here.

There are 𝑗
𝑘  ways.

𝑗 ∈ {𝑘, 𝑘 + 1 … , 𝑛 − 1}.
Subsets with different values of the largest element can’t be identical.

Hence, the total number of ways is given by ෍
𝑗=𝑘

𝑛−1
𝑗
𝑘



Permutations and Derangements

𝑗1 𝑗2 𝑗𝑛...1 2 𝑛...
Set 𝑆

3

𝑛-element ordered object 
Sample without replacement 
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This generates a permutation of 1,2, … 𝑛 .
Total number of permutations =  𝑛!1 2 3 4 5 …  𝑛

7 1 3 8 5 …  2
Iteration 𝑖:

Sampled Label 𝜋𝑖:

Fixed points

Bijection 𝜋: 𝑆 ⟶ 𝑆
𝜋: 𝑖 ⟼ 𝜋𝑖

Definition:  A derangement is a 
permutation with no fixed points.

How does 𝐷𝑛
𝑛!

 behave as 𝑛 → ∞? 
Let 𝐷𝑛 denote the number of derangements of 1,2, … , 𝑛 .



Derangements

Proof: Let 𝜋 be a derangement of 1, … , 𝑛 . So, 𝜋𝑖 ≠ 𝑖 for all 𝑖 = 1, … , 𝑛. 
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𝜋1 𝜋2 𝜋3 𝜋4 ⋯ 𝜋𝑛−1 𝜋𝑛

𝒏 ∗ ∗ ∗ ⋯ ∗ 𝟏

∗ 𝒏 ∗ ∗ ⋯ ∗ 𝟏

∗ ∗ 𝒏 ∗ ⋯ ∗ 𝟏

⋮ ⋮ ⋮ ⋮ ⋮ ⋮ ⋮

∗ ∗ ∗ ∗ ⋯ 𝒏 𝟏

Replacing 𝑛 with 1 gives a derangement of {1, … , 𝑛 − 1}, 
and all derangements of 1, … , 𝑛 − 1  can be obtained 
this way. 

Derangements of {2,3, … , 𝑛 − 1}
This gives 𝐷𝑛−2

These are not derangements 
of 1,2, … , 𝑛 − 1  but are in 
bijection with them.  Why?

This gives 𝐷𝑛−1

Repeat the argument for 𝜋𝑛 = 𝑖, where 𝑖 =  2, … , 𝑛 − 1.

Suppose 𝜋𝑛 = 1



Derangements

● Boundary conditions:
○ 𝐷1 = 0
○ 𝐷2 = 1
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𝜋1 𝜋2

2 1

● Asymptotic proportion of derangements:

● Solving the recursion gives

Can we obtain this 
formula without 
having to solve 
the recursion?

● Let 𝐴𝑖 = permutations 𝜋 such that 𝜋𝑖 = 𝑖 (i. e. , 𝑖 is a fixed point) . Then,



Inclusion-Exclusion Principle
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𝐴 𝐵

● Back to derangements:  
○ If 𝑆 =  𝑘, then ځ𝑖∈𝑆 𝐴𝑖 = 𝑛 − 𝑘 !
○ # such subsets = 𝑛

𝑘

Hence,



Proof of the Inclusion-Exclusion Formula

Proof:  
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1.  Every element that is not contained in 𝐴1 ∪ 𝐴2 ∪ ⋯ ∪ 𝐴𝑛 does not appear on the RHS. 

2.  Every element that is contained in 𝐴1 ∪ 𝐴2 ∪ ⋯ ∪ 𝐴𝑛 appears exactly once on the RHS.

𝑥

𝐴1
𝐴3

𝐴5

𝐴2

𝐴4

𝐴6

𝑦

𝐼𝑥 = {1,3,4}



Proof of the Inclusion-Exclusion Formula

Proof:  
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1.  Every element that is not contained in 𝐴1 ∪ 𝐴2 ∪ ⋯ ∪ 𝐴𝑛 does not appear on the RHS. 

which we proved earlier

2.  Every element that is contained in 𝐴1 ∪ 𝐴2 ∪ ⋯ ∪ 𝐴𝑛 appears exactly once on the RHS.



Euler’s Totient Function
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By inclusion-exclusion

We wish to solve this problem using counting!


	Slide 1: CS70 @ UC Berkeley, Spring 2026
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 22
	Slide 23

