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Covariance

Definition (Covariance): The covariance of random variables X and Y is

defined as
Cov(X,Y) = E[(X — E[IX])(Y — E[Y])] = E[XY] — E[X]E[Y].

Bilinearity of Covariance

Let X4,...,X, and Y7,...,Y,, be random variables on the same prob-
ability space, and let a1,...,a, and by,...,b, be arbitrary constants.
Then,

COV( Zn: CLZ'XZ', f: bjlfj) = Zn: i az-bjCov(Xi, Y})
=1 7=1

i=1 j=1




Covariance

Definition (Covariance): The covariance of random variables X and Y is
defined as
Cov(X,Y) = E[(X — E[XD(Y — E[Y])] = E[XY] — E[X]E[Y].

Interpretation of the sign of Cov(X,Y)

» If Cov(X,Y) > 0:

» X > E[X] and Y > E[Y] tend to co-occur, and/or
» X <E[X] and Y < E[Y] tend to co-occur.

» If Cov(X,Y) <O:

» X > E[X] and Y < E[Y] tend to co-occur, and/or
» X < E[X] and Y > E[Y] tend to co-occur.

» If Cov(X,Y) =0:

» No such association.

The magnitude of Cov(X, Y ) is more difficult to interpret.




Correlation

Definition (Pearson’s correlation): Let X and Y be random variables on

the same probability space with positive standard deviations (i.e., (X) >

0 and o(Y) > 0). Then, the correlation between X and Y is defined as
Cov(X,Y)

o(X)o(Y)

Corr(X,Y) =

Theorem: For any pair of random variables X and Y on the same
probability space with a(X) > 0 and o(Y) > 0,
—1 < Corr(X,Y) < 1.

See Note 19 for proof.



Example (Bivariate Bernoulli)

Fori=1,...,n, let X;,Y; be Bernoulli random variables such that

vV V. v v v Y

PX;,=1=p, PX;=0=1-p
PY;=1]=q, P¥i=0]=1—g

P[(X;, Y:) =(1,)] =r
P(X'HY;) = (1 0) =p—-r
P[(Xi,Y;) =(0,1)] =g —r
P[(Xi,Y;) =(0,0)]=1+7r—-p—gq

Var[X;] = p(1 — p) for all i.

Var[Y;] = q(1 — q) for all 4.

Cov(X;,Y;) = E[X Yj] - E[Xz]E[Y] =7 —pq

Corr(X;,Y;) = (r — pq)/+/p(1 — p)g(1 — q)

In this example, X; 1l Y; <= Corr(Xz,Yz) = 0.

In general, X; 1l Y; = Corr(X;,Y;) =0, but the converse is not true.




Example (Bivariate Bernoulli)

Fori=1,...,n, let X;,Y; be Bernoulli random variables such that
PX;,=1=p, PX;=0=1-p
PY;=1=¢q, PY;=0=1-¢q

]P)(XZ’YZ) = (1, 1) =T

P[(Xi,Y;) = (1,0)] =p—r
P[(X3,Y:) = (0,1)] =q—r
P[(X3,Yi) = (0,0)]=1+r—-p—gq

» Suppose (X1,Y1), (X2,Y2),...,(X,,Yy) are i.i.d. draws from the dis-
tribution described above:

> XillYiiffr=pg. How are X and Y distributed?
» X; L X, for all 7 # j.

» Y LY for all 7 # j.

» X; 1LY forall i # j.

» Define (X,Y) =>",(X;,Y5). 6



Example (Bivariate Bernoulli)

Red lines: marginal means n= 200, Corr(X,Y) = 0

Blue lines: least-square fit 8-
-8
n 80 %0 100 110 120
(X,Y) = 2o (X 1) X
Where (Xll Yl); ey (an Yn) P[(Xza Y;) - (1a 1)] =0.25
are i.i.d. draws from: P[(X;,Y;) = (1,0)] = 0.25
]P’[(Xi,Y;-) = (0, 1)] =0.25
P[(X;,Y;) = (0,0)] = 0.25 7



Example (Bivariate Bernoulli)

Red lipes: marginal means n= 200, Corr(X,Y) = 0.5
Blue lines: least-square fit _ : —

n= 200, Corr(X,Y) = -0.5

12
120

110

Y
100

90
90

(X,Y) = ?:1(Xilyi) g0 90 1;)(6 110 120 80 90 1;)(0 1o 120

where (X1,Y1), ..., X, Yn)  PI(X:,Y;) = (1,1)] = 0.375 P[(X;,Y;) = (1,1)] = 0.125

are i.i.d. draws from: P[(X;,Y:) = (1,0)] = 0.125 P[(X;,Y:) = (1,0)] = 0.375
P[(X;,Y;) = (0,1)] = 0.125 P[(X;,Y;) = (0,1)] = 0.375
P[(X;,Y;) = (0,0)] = 0.375 P[(X;,Y;) = (0,0)] = 0.125 °



Example (Bivariate Bernoulli)

Red lines: marginal means n= 200, Corr(X,Y) = 1 n= 200, Corr(X,Y) = —1
Blue lines: least-square fit _

12
120

110
110

>3 >3
(X, Y) — ?=1(Xi,yi) 80 90 1;)(0 110 120 80 90 1;)(0 110 120
where (X1,Y1), ..., X, Y)  Pl(X;,Y:) =(1,1)] =05 P[(X;,Y;) = (1,1)] = 0.0
are i.i.d. draws from: P[(X;,Y;) = (1,0)] = 0.0 P[(X;,Y;) = (1,0)] = 0.5
P[(X;,Y;) = (0,1)] = 0.0 P[(X;,Y;) = (0,1)] = 0.5
P[(X;,Y;) = (0,0)] = 0.5 P(X;,Y:) = (0,0)] =00  °



Tail Sum Formula

Theorem (Tail Sum Formula): Let X be a random variable that takes
valuesin 0,1, ..., n. Then,

n
E[X] = 2 P(X = a) Why is this useful?
a=1<4—— Important

Proof: E[X] =Y?_,aP(X = a)

=PX=1)
+P(X =2) + P(X = 2)
+P(X =3) + P(X =3) + P(X = 3)

-i—IP’(X=n)+IP(X=n)+IP(X=n)+---+IP(X=n)

Remark: For a random variable X with range N, E[X]| = Yo, P(X = a). "




Tail Sum Formula (Application)

Theorem (Tail Sum Formula): Let X be a random variable that takes values in
0,1, ...,n. Then,

n
E[X] = Z P(X > a)
a=1 4—— Important

* Consider a deck of 100 cards numbered 1, ..., 100.
 Shuffle it well and take a card from the top.

* Repeat this experiment n times and let M = minimum number observed.
« Whatis E[M]?

11



Rules of Probability (Lecture 17)

Definition (Partition): AneventB € () is said

to be partitioned into infinitely many events
By, By, Bs, ... if

1. B = Uyg-{By,
2. B;nBj= 0, foralli # j (thatis, By, ..., B, are
mutually exclusive).

1. (Non-negativity) P(4) = 0,forallA € Q.
2. (Countable Additivity) If B{, B,, B3, ... is a partition of B, then

P(B) = ) P(By)
k=1

3. (Normalization) P(Q) = 1.

12



Geometric Distribution

i.i.d. Bernoulli(p) trials, where p = success probability

X = Waiting time to the first success

T ------

w € Q X(w) = 6 for this outcome

Prob 1-p 1-p 1-p 1-p 1-p p

13



X ~ Geometric(p),
0<p<l.
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Memoryless Property

Forwe Q,(X(w)>n+m) > X(w) >m),
so(X>n+m)c (X >m)and
For m,nEN, X>n+m)nX>m)=X>n+m).

PIX > n+ m)|
PX > m]
(@ =ptm
(1—p)m
=1 -p)"
= P[X > n].

PX>n+m|X >m|=

15



Moments of Geometric Random Variable

In Note 18, the Tail Sum Formula is used to , > ,
compute E[X]. We will present an alternate ElX*] = z k" P(X = k)
approach here: =t
E[X] = Z kP(X = k) = z k(1 —p)k1p — Z k2(1 - p)*p
k=1 k=1 k=1

Geometric Series:

[0'e) k 1 .

_aa” =—1Iiflal|l < 1.
Yioak = —if|al

16




Coupon Collection (Lecture 19)

n distinct coupons, 1 coupon per cereal box

All coupon types are equally likely to be in any given cereal box

Assume infinitely many cereal boxes so independence of sampling holds
Collect all n distinct coupons to win

S = found a coupon not obtained before

SFFFSFFS ---SFFFS
P
XX X X

 Xj,..,X, independent

17



Poisson Distribution

: : : A=1
N ~ Poisson(A), where intensity 4 > 0. 041
-y L
P(N=k)=c¢e F,forkEN. 03}
) <
Il
. o 2
e # rain drops hitting a surface per second % 0 -
. . . - . A
* #radioactive particles emitted by radio 0.1l
active material during an interval of time N
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Looks more and more like a “bell curve” as A gets large. We will see why this happens.



Poisson Approximation of Binomial(n, p)

e (*)Limitasn — oo and p — 0, while np = A is held fixed.
e Define Q;, = (’;)pk(l — p)nk

o Qp=0-p)"
Qk

Q-1
o (=

X ~ Binomial(n, p)
E[X] =np
Var(X) = np(1 —p)

19



Independent Poisson Random Variables

Theorem: Suppose X ~ Poisson(4) and Y ~ Poisson(u) are independent
random variables. Then, X + Y ~ Poisson(4 + ).

n
Proof: P(X+Y =n) =ZIP>(X=k,Y=n—k)
k=0

=Z]P’(X=k)IP(Y=n—k)

k=0

~ z": e~ Ak ghyn—k

~ I IFAY
— k! (n—k)!

_(A

+I'L) n nl
— /lk‘un—k
| z : l(n — k)!
nt L k!(n—k)! ]

Corollary: Suppose X3, ..., X,, are independent RVs with X; ~ Poisson(4;),
fori =1,..,n. Then, X; + -+ X,; ~ Poisson(4; + --- + 4,,). 20
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Permutations and Derangements (Lecture 15)

Set S /\ @ @
G Q e a This generates a permutation of {1,2, .

Total number of permutations = n!

Sample without replacement

n-element ordered object

[terationi: 1 2(3|4|5]...
Sampled Labelm;: 7 13|85/ ...

N/

Fixed points

N S

Bijection T: S — S
Tl V> T

Definition: A derangementis a
permutation with no fixed points.

Let D,, denote the number of derangements of {1,2, ..., n}.
21



Number of Fixed Points in a Random Permutation
(D! Dy S (VP
!

lim — = lim —e

n—oo Nl Nn— 00 k!

D, =n!
2.7

Define Fxn = # permutations of {1,2, ..., n} with exactly k fixed points.

FO,n: n

Frn Proportion of permutations
n—ooo n! with k fixed points
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