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Summary

Proof techniques
- Direct Proof
- Proof by contraposition
- Proof by contradiction
- Proof by Cases
- Proof by Induction

This lecture : Application to stable Matching



Stable Matching Problem

Input : n jobs , n candidates

for each job , a ranked list of all candidates }
"

preference
lists

"

- -
- - candidate

,
- -

- - - - -
- - jobs

Goal : match up jobs candidates in a
"

good
"

way

Motivationfor 070
"

Killer app
"

for proofs !



Example
Databricks : A C B { ID

,
B)

,

(E) c)
,
(F. A) }

Ericsson : C A B stable
FedEx : A C B =

Annie : E F D

Bertha : F E D

Caro : F E D
rogue couple !

Possible matching : { ( D.É.
B) (EA) }

3 }

Defn : A rogue couple in a matching is a job ☒
candidate who prefer each other to their currentpartners

Defn : A matching is stable if it has no rogue couples



David Gale Lloyd Shapley

National Residency Matching Program (NRMP)

matches residency applicants with hospitals
chaotic system until 1950

early 1950s : switchto centralized algorithm, then
to stable matching

formalized by Gale Shapley in 1962

crowning achievement in combinatorial algorithms
CSFO :

" Killerapp
"

for proofs



Do stable matchings always exist ?

Roommates Problem :

Input : 2n people , each with a pref. list for all Zn-1 others
Goal : find a stable matching

Example .

Annie : B C D

Bertha : C A D

Caro : A B D

Daphne : <whatever>

Claim : There is nd stable matching forthis input !
Fogue !

Proof :
.

•

→ •

A

CD,A) , 113,4
D 3 3←

•

¥3



Possible algorithm :

while a rogue couple (J,C) exists
switch the partners of J C

Problem :
may create nee rogue couples

*

Note : If above algorithm works for stable matching
then it should also work for roommates !

So : Lookforanalgorithmthat exploits asymmetry

Note : Roth/Vande Vater : F carefully chosen sea . of switches
thatwoksforstable matching
(but complicated hard to describe)



The Propose - and -Reject Algorithm
REPEAT

1. Eachjob makes an offerto the highest ranked candidate
on its list who hasn't rejected it

←
puts offer

"

on hold
"

A 2 . Each candidate says
"

maybe
"

to thejob she likes÷:| best among her offers , and rejects the others
3. If a job was rejected , it crosses that candidate
offits list

UNTIL no rejections occurred
OUTPUT resulting matching
Q1 : Does this algorithm terminate ?
Q2 : Does it always output amatching ?
93 : Is that matching always stable ?



Example
Databricks : * ¢ B
Ericsson : C A B

FedEx : A C B

Annie : E F D

Bertha : F E D

Caro : F E D

Dayl Day2 Day -3 output :

Annie ☒F F F

YAF
),lBiD)

Bertha D (GE) }
'

Caro E ☒E E



Another Example

jobs '1 : A B C D Candidates A : 2 4 34
2 : B D A C B : 7 4 23
3 : B A D C

C : 2 3 74
4 : A B C D D : 4 1 23

Day 1 Day2 Day3 Day 4
A

B

§
Exercise : Run the algorithm on this input ☒ check it outputs

the pairing { (A. 1) ¢3,41K , 3) (D.2) }
Check also thatthis pairing is stable



Analysis of P-X-R Algorithm
Theorem : The algorithm always terminates

Proof : On every day when alg .
doesn't terminate ,

at least one candidate is crossed off -

a job's list .

Total length of all lists = i

⇒ alg . terminates after s n
' iterations/days

☐



Improvement Lemma

Suppose job J offers to candidate C on day K .

Then on every day i > K , C has on hold an offer
from a job she likes at least as much as J .

Proof : Induction oni

Base case : i =L - true by defu . of algorithm
Ind

- Shop : Assure for some izk I prove for it 1

On day i. C has on hold an offerfromjobJÉJ

On day it 1 , J
'

again offers to C (along ,
possibly, with others )

so after day it I C has offer from JÉJÉJ



Theorem : The algorithm always outputs a matching
Proof : By contradiction
suppose for ☒ that some job J.is not matched
at end of algorithm
Then Jmnst have made an offer to every
candidate -and got rejected

By Improvement Lemma , every candidate
therefore has an offer at termination

so n candidates have offers from n- l jobs
*



Theorem : The outputmatching is always stable

Proof : Direct proof .
Sp . output matching is :

µ = { . . . CJ, C) . . - - ,
CJ!C ' )

,
- - . }

z Es

and J likes C' morethan C
.

By defn . 9 algorithm , J proposed to C
'
before

proposing to C - and got rejected

By Improvement Lemma , C
'
must like J

'

more than J

Hence J, C
'

is Not a rogue couple
since J C

'
were arbitrary , ☒ any rogue couple

☐



Example
Matching output byalg :

Databricks : A C B
{(A) F) , (B) D) , K >

E) }Ericsson : C A B

FedEx : A C B Only otherstable matching:

Annie : E F D { (A)E) , (B. D) , (c)F) }
Bertha : F E D

Caro : F E D

Q : What's special aboutthe output matching ?

A : Both E- and Fgettheirtop choice candidate, so couldn't
do any better . Daet last

choice - but in fact must be paired
withB in every stable matching !
Hence ad jobs do as well as they possibly can !



Definition : For a jobJ, the optimal candidateforJ
is the best candidate J has is airy stable matching

Definition : The job- optimal matching is the one
in which each job is matched with its optimal candidate

ALERT : Is this even a valid matching ?

(How do we know that two jobs don't have the Saine
optimal candidate ? )

NOTE : In previous example , output matching is job
optimal .



Theorem : The matching output by the algorithm is
job -optimal

Proof : Enough to prove ttk 20 Plk), where
Plk) : On day K , no job gets rejected by its opt . candidate

Proof by induction on K

Base case : K =0 ✓ (nothing to prove)

pµ Inductive step . Sp no such rejections through day K Plk)

⇒Plk-117 Day K+1 : Sp .for☒ that jobJ gets rejected by its opt .
candidate C* in favorofsome job J *
Since C* is opt . for J, F stable matching

M = { . . - ( J, E) . . . 1J
*

, C) . . . }
Z E

Claim : J*
,
c* are a rogue couple



Inductive step . Sp no such rejections through day K

Day KH : Sp .for☒ that jobJ gets rejected by its opt .
candidate C* in favorofsome job J *
Since C* is opt . for J, F stable matching

M = { . . - ( J, E) . . . 1J! c) . . . }
Claim : J*

,
c* are a rogue couple

Proof of Claim : Certainly C* prefers J* to J ✓
What about J* ?

By ind . hypothesis, J
*
has not yet been rejected

by its optimal candidate
Hence since J* is offering to (

*
now, J* must

like Ct at least as much as its opt . candidate ,
✓

hence at least as much as C (partner in stableM)
Thus J*

,
C.* are a rogue couple



Theorem : The job-optimal matching is candidate- pessimal

Proof : By contradiction

Let M = { . . . CJ,c) - -
- } be job - optimal

Sp . for ☒ that M is not candidate
- pessimal

Then 7 stable matching
M

'
= { . . . (J, C

' ) - - - (JI c) . .
. }

S.t. C prefers J to J*

Claim : J
,
C is a rogue couple in M

'

Proofofclaim : C prefers J to J
*

by ass?

Also
,
J prefers C to C

'
since his job- optimal

Hence M
'

is not stable ☒



Q : How many stable matchings can there be ?

A : Between 1 and exponentially many (in n)
Fact : Stable matchings form a lattice (partial order)

job-opt

^ betterfor
jobs µ ± M

'

iff
every job does at
least as well in

M
'

as in M

cand-opt =
job - pess

Exercise : Come up with a simple instance of stable Matching
that has only one stable matching !



Another Example

jobs t : A C D B Candidates A : 3 4 21
2 : B A C D B : 1 3 42
3 : C D B A

C : 42 1 3

4 : D B A C D : 2 1 34

Job- optimal : { (1) A) , 12,131,130,14, D)}
land . - optimal : { (1)B)

,
(ZD) , (3.A), (4) C) }

Also stable : { (Iic) , G. A) , (3D) , 14,13) }

EI : Check this is stable

Find another stable matching
How do these four matchings fit into the lattice ?



Lloyd Shapley Alvin Roth

N
. R

.

M
.
P
.

Revisited

originally 11950s) hospital-optimal
switched to candidate - optimal in 1990s

various bells - and - whistles
,
e.g.

- allows incomplete pref. lists
- allows couples to apply jointly

used in many other contexts, e-g.
- organ donor matching
- school districts
- internet content delivery

Nobel Prize in Economics 2012 (Shapley-Roth)



Summary
stable matching : an important real- world problem
Not obvious that a stable matching always exists I

we proved that a stable matching exists by

designing analyzing a clever algorithm

Also : notions of optimality among stable matchings

Next week : Graphs !


