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Last Leckuve

o QGuaghs : diveded ¥ undiveded
o Watls, cycles, walks, ours

o Eulesian tours

o Trees, cowmplete grapbs

Today
o Plavar graps
o H’yPefwbes Z/comnecl—i\/ig



The Cowmplete Graph

The CO\MPl&‘ITa grafl« on n \/&’h'ce.s) Km, as the
gfa/Ph Nt contons  all Possi.He eo(Jes

(go # of cdjas 45 -1 )

2
Noles:
1. K, ¢s uigue but 3 many (wm) tveees
o W Veshices

2. Ka s lMWXl:Mau,q connected (V\em( o vewowve at
least - eA&‘:( to discovmed ) y tvees ave wmm\(,
Conmmedted ((eMoui.V\j any edse, d .scom v\eits)

3. Cowg\de biyavhile goph K, 0 -
#DF@A%S = NwL




,Qeﬁ_""' A ﬂ‘f“P\" 15 Plavxaf if b com be drawn
on the plane So Hldt nome of ifs edges cross

Qi Wl\g ?wau/ gfqplag .7

k: - Eosy o visuglize
- Efficient alqoritlums
- Naue Prope/ﬁes (&3., Colovalole will. 4 colors
Agpel [ takien . Golor Theorum 19% )












Ewler's ﬁ)/w\v\l«

Auny planav dvawing of N ngb Aiides fe P\ame,
mgo PSOM.O, mber, F, 97[ faces

-¢ ] v-e+f
1;.3. 2 ?/:9 - 9-)249
1 2 e=12 — Z.
5
L

T‘AGO/ZM [Eu‘ells E)./muia_l ) /)(Vlj Plowlalf a(faw\:mg OP oL
Conedred gﬂlp\/\ Saﬁsﬁes

V-e+§ =2
wheve Ve ave the rmumbers of verbies 4 edjes,fesf.

/\ﬁ . The Greeks ~Kvew “the fov Po\ﬂhdm’ Jopys
buk Coulw € pvove ic



Dodecahedon gmp‘n
V=20
£- 30 V-e+f <=2
jr’:— | 2 %



Theorem [Eulers Bovmddan | - Auy planar dvawing of: o
Connedred\ gmp\z\ Sa\'lsﬁes

V-e+§ =2

whewe v e ave the numbers of verties & edjes,@f,

P\’_OO‘Z-' on\ud‘\lm/\ on #:ﬁlces, 16

Bose (se: A = | >L< =G sotvee /
e =V-| v-—e+(3:\/—(v-\)*r\ ‘\2:\

Tuduchive S@F L Assuwme fovimnla US\As fov awy
flamay dvawing wil. - faces (£ 7,1_)

/rlxe awy plavan dmwuns OQ g\/é?L\ G wdl, F faces
e edges, v vedies

‘ ! @\ — vIew d(q\m Wn’\ F" eFQCeS) C—‘ QASGS)
v \Iu/l‘\.ccs

o\w\\ovx\'\h\\w\“\nes\s: v-(e-\)+ (§- \\ - 2 Y
W twis apies V-e+f =2, as reawived




A P\)((caﬁans oF_ﬁu‘efs Fomula

Fovmula says that #edycs of ]»(ana/g/apk B e=v+¢f-2

How by cun s be ?

Covollavy Any connected planar quaph wille 7 2 edges
safusfies e < 3v-6

Mv D/qw G w/(’l,e quvxe : %h‘sﬁes e= \I+e,2_
for eady face F,, lof 5= wauber of sides K
Thn 25, = 2e
=0 4 BeAATITE L
Ao, 3.2 5 Vs = 2e 7 Bf
e=v+f-l < v+ -2 A@

= /E < 3v-6| |ee-4l )




éXﬂ\mp(eS

b

-
-—

¢
V= b &é%\/’
O« 18-6=12

e Llv- 4 AAH BE plaver
9 ¢ 12-(.=9% )(ADT planar



S:lf Vemg’dxlem‘ug Eulevs Cuiterion

Eu\&l\s (,\/n't’,viom Sa\js thal iF e 7 3v-6 Thewn
5/@\/\ canndt be ]’lﬂleV — So P\av\a\/ 3\fqp\ns

Can't kave +po M c,%&s

fov specal ypes aFgmpL\ we awn do ketter
Ej Sp- G 18 btpa/m?a — then G has wo
‘l’x/LO\V\3\,e,S, S0 evesy foce hos S 74 sudes )
Rep(au?mj 3f bj 4 o prevous a(/guwemf :

C < 2v-4




K uvabowsiv s [heovoun
A graph b % planar <= G does wot contzin Ks ok,

?@ L = al(/mlﬂ seewn |

= 'h/idzﬂ !

Aﬁ[é: ) ( wwntains H wmeans we can M & copYy
of H wmside (&, whenr vevhices of H ave
distet vertees of ( and edaes of- H
ave dLSJDiVlT patle wm G




4- ~dimensioval

hypescube

COPS oF K3)3 wside / \




Covw\edtwi,a
Think of a jm?\/\ G as a omwunication vidwo/k

vertwees — nodes 50(335"’ Linles

All wodes can communicale —> G wast be Cou

Links (edges) may ~foul J

A 4 % atee ' 4 dis}. behweer a
#cdges L diawmeter’ ([""MW N vechces) “W
\/c\lj »fﬁgil_e, Loany eAje— 7%[44'/& disconneds f

2. (s & congldle gaph K.
ﬁedgas = "K‘%‘ﬂ = 1n° ‘
obust : veed 7 v+l edge faluves +0 discomnect




ijcf(,u\bes

H, : V- dimensional l\:ﬂm/w\be,

Vevtices: 0,1 }n (# vevhices = Zn)
cdges : convect venicestnal diffev i 1 it

o) 1
)\_/gl_é.- H. cbV\sis’l?oF prdes 6F Hn_‘
00 o1 with vevhices wmatched wp 1-1
10 ” (7" vevshices N
RN n2". n2"" edges | N.gh
St Ly
Olog-— - all verlex dgjrezs VL I(Bl/\/
000 00) diam -l'er
| Mamefer v, (ov, M




H\gperwbes ave Ve well conneded !
S< V: subset o{: vevhices

/é%\ IS) < l%\.
ES : set oF CO‘SCS comnec{-ivxg

S Yo V-5

Theovem : M H,, forany set S as dboe, |Es| 7 |S)

Aél_?«: Ad\’/\a\B IESI 7 max {VL, ISI} so v. smdl( €& ako
) 0K



Theovem : M H,, forany set S as ade, IEs| Z IS

?@F . Iduchon o v
Bog casew n=1 Isl=1 =l vV o—=/

Induchive s’@v © Assuume J(me,fuJ H, — P\/U\/Q(:m/ He.
let ScVH,,) with 151€ 2"

Write S=S, US, where So,S, ae m 0,1—suburles
Arssume wl.0.g. 1S.1 2 1S, S =

G ) 1S, < 2" 3151224 <
Then can apply ind- hyp. withine each subculbe
= &l 2 IS1+15,1 =181




Theovem : W H,, fovany st S as aooe, |Esl Z IS

?@F . Iduchon o v
Boecase . n=1. Isl=1 Igl=l

Induchve s’@p: Assuume 'fmefm/ H,. — P\/o\/e,(fm/ Hic.
Let S V(H) with ISl 2"
Write S=S, US, where So,S, ae m 0,1—suburles

Arssume w.\.o.ﬂ. 1S.| 2 1S,) ﬁ.‘—_ﬁf
Gase(@): [S,] > 2% -

Then |5, 1= IS)-1S,) <2
Do dnd. hyp- e 1-sulocnbe gives IS\ | edpes
Avd wd. \mj) wm O —sub cule qp‘;\,ita\)c'b VO‘S, c:li,\/es |\/o\‘|5,,|

Fiml\ﬂ, ako get 1Se |- 1S, | crosswq 34305 Q:d’\p&y\guwk,s) ef’{ﬂes
So [Eol 3 IS+ =15.] + 1SS = 1Vl = 2%7\S\ /




S\A W\W\odj

o Planav 5{0\?\,\5

o Euler's Tovmula : V*C%’F = 2
o (ovdlavy : e« 3v-6  (of c £ 2v-4 e
bopow iR \O)rme\ns)
o Two key won-planar graphs - Kg 3 K, 5
(Karatpwske's Theovew)

o Hypercwbes H. : well connected., good networle
wodel

N(f)d' Le(,',“—fva
Modular av vthmetic




