CS 70
Spring 2021

Discrete Mathematics and Probability Theory

HW 13

Due: Sunday, 05/02 at 10:00 PM
Grace period until Sunday, 05/02 at 11:59 PM

Sundry
Before you start writing your final homework submission, state briefly how you worked on it. Who
else did you work with? List names and email addresses. (In case of homework party, you can just
describe the group.)

1

Continuous Intro

(a) Is
f (x) =

(
2x, 0 ≤ x ≤ 1
0,

otherwise

a valid density function? Why or why not? Is it a valid CDF? Why or why not?
(b) Calculate E[X] and Var(X) for X with the density function
(
1/`, 0 ≤ x ≤ `,
f (x) =
0,
otherwise.
(c) Suppose X and Y are independent and have densities
(
2x, 0 ≤ x ≤ 1,
fX (x) =
0, otherwise,
(
1, 0 ≤ y ≤ 1,
fY (y) =
0, otherwise.
What is their joint distribution? (Hint: for this part and the next, we can use independence in
much the same way that we did in discrete probability)
(d) Calculate E[XY ] for the above X and Y .
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Continuous Probability Continued

For the following questions, please briefly justify your answers or show your work.
(a) Assume Bob1 , Bob2 , . . . , Bobk each hold a fair coin whose two sides show numbers instead of
heads and tails, with the numbers on Bobi ’s coin being i and −i. Each Bob tosses their coin
n times and sums up the numbers he sees; let’s call this number Xi . For large n, what is the
√
distribution of (X1 + · · · + Xk ) / n approximately equal to?
(b) If X1 , X2 , .h. . is a sequence of ii.i.d. random variables of mean µ and variance σ 2 , what is
limn→∞ P ∑nk=1 Xσk −µ
nα ∈ [−1, 1] for α ∈ [0, 1] (your answer may depend on α and Φ, the CDF
of a N(0, 1) variable)?

3

Max of Uniforms

Let X1 , ...Xn be independent U[0, 1] random variables, and let X = max(X1 , ...Xn ). Compute each
of the following in terms of n.
(a) What is the cdf of X?
(b) What is the pdf of X?
(c) What is E[X]?
(d) What is Var[X]?

4

Darts with Friends

Michelle and Alex are playing darts. Being the better player, Michelle’s aim follows a uniform
distribution over a disk of radius r around the center. Alex’s aim follows a uniform distribution
over a disk of radius 2r around the center.
(a) Let the distance of Michelle’s throw from the center be denoted by the random variable X and
let the distance of Alex’s throw from the center be denoted by the random variable Y .
• What’s the cumulative distribution function of X?
• What’s the cumulative distribution function of Y ?
• What’s the probability density function of X?
• What’s the probability density function of Y ?
(b) What’s the probability that Michelle’s throw is closer to the center than Alex’s throw? What’s
the probability that Alex’s throw is closer to the center?
(c) What’s the cumulative distribution function of U = min{X,Y }?
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(d) What’s the cumulative distribution function of V = max{X,Y }?
(e) What is the expectation of the absolute difference between Michelle’s and Alex’s distances
from the center, that is, what is E[|X − Y |]? [Hint: Use parts (c) and (d), together with the
R
continuous version of the tail sum formula, which states that E[Z] = 0∞ P(Z ≥ z)dz.]

5

Waiting For the Bus

Edward and Jerry are waiting at the bus stop outside of Soda Hall.
Like many bus systems, buses arrive in periodic intervals. However, the Berkeley bus system is
unreliable, so the length of these intervals are random, and follow Exponential distributions.
Edward is waiting for the 51B, which arrives according to an Exponential distribution with parameter λ . That is, if we let the random variable Xi correspond to the difference between the arrival
time ith and i − 1st bus (also known as the inter-arrival time) of the 51B, Xi ∼ Expo(λ ).
Jerry is waiting for the 79, whose inter-arrival time, follows an Exponential distributions with
parameter µ. That is, Yi ∼ Expo(µ). Assume that all inter-arrival times are independent.
(a) What is the probability that Jerry’s bus arrives before Edward’s bus?
(b) After 20 minutes, the 79 arrives, and Jerry rides the bus. However, the 51B still hasn’t arrived
yet. Let Let D be the additional amount of time Edward needs to wait for the 51B to arrive.
What is the distribution of D?
(c) Lavanya isn’t picky, so she will wait until either the 51B or the 79 bus arrives. Solve for the
distribution of Z, the amount of time Lavanya will wait before catching the bus.
(d) Khalil arrives at the bus stop, but he doesn’t feel like riding the bus with Edward. He decides
that he will wait for the second arrival of the 51B to ride the bus. Find the distribution of
T = X1 + X2 , the amount of time that Khalil will wait to ride the bus. [Hint: One way to
approach this problem would be to compute the CDF of T and then differentiate the CDF.]

6

Exponential Expectation

(a) Let X ∼ Exp(λ ). Use induction to show that E[X k ] = k!/λ k for every k ∈ N.
(b) For any |t| < λ , compute E[etX ] directly from the definition of expectation.
k

E[X ] k
(c) Using part (a), compute ∑∞
k=0 k! t .

(d) Let M(t) = E[etX ] be a function defined for all t such that |t| < λ . What is
d 2 M(t)
dt 2

t=0

dM(t)
dt t=0 ?

What is

? How does each of these relate to the mean and variance of an Exp(λ ) distribution?
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Continuous LLSE (Optional)

Suppose that X and Y are uniformly distributed on the shaded region in the figure below.
y

2

1

0

1

2

x

Figure 1: The joint density of (X,Y ) is uniform over the shaded region.

That is, X and Y have the joint distribution:
(
1/2, 0 ≤ x ≤ 1, 0 ≤ y ≤ 1
fX,Y (x, y) =
1/2, 1 ≤ x ≤ 2, 1 ≤ y ≤ 2
(a) Do you expect X and Y to be positively correlated, negatively correlated, or neither?
(b) Compute the marginal distribution of X.
(c) Compute L[Y | X].
(d) What is E[Y | X]?

8

Chebyshev’s Inequality vs. Central Limit Theorem

Let n be a positive integer. Let X1 , X2 , . . . , Xn be i.i.d. random variables with the following distribution:
1
9
2
P[Xi = −1] = ;
P[Xi = 1] = ;
P[Xi = 2] = .
12
12
12
(a) Calculate the expectations and variances of X1 , ∑ni=1 Xi , ∑ni=1 (Xi − E[Xi ]), and
Zn =
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∑ni=1 (Xi − E[Xi ])
p
.
n/2
4

(b) Use Chebyshev’s Inequality to find an upper bound b for P[|Zn | ≥ 2].
(c) Can you use b to bound P[Zn ≥ 2] and P[Zn ≤ −2]?
(d) As n → ∞, what is the distribution of Zn ?
(e) We know that if Z ∼ N (0, 1), then P[|Z| ≤ 2] = Φ(2) − Φ(−2) ≈ 0.9545. As n → ∞, can you
provide approximations for P[Zn ≥ 2] and P[Zn ≤ −2]?
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